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Abstract 



i In this paper we derive and piecewise C^'" estimates for solutions, and 

their f-derivatives, of divergence form parabolic systems with coefficients piecewise 
Holder continuous in space variables x and smooth in t. This is an extension to 
parabolic systems of results of Li and Nirenberg on elliptic systems. These estimates 
^ ' depend on the shape and the size of the surfaces of discontinuity of the coefficients, 

■ but are independent of the distance between these surfaces. 



■ 1 Introduction and Main Results 

> ■ 

The purpose of this paper is to establish gradient estimates for some parabolic systems 
I of divergence form, which arise from the study of composite material. Babuska et al. 

[|2l were interested in elliptic systems arising in elasticity. They observed numerically 
. that, for certain homogeneous isotropic linear systems of elasticity, |Vw| stay bounded 

independently of the distance between the regions. Bonnetier and Vogelius [3J proved the 
boundedness of |Vm| for a scalar elliptic equation in bounded domains with two unit balls 
touching at a point. This result was extended by Li and Vogelius in [fTTll to general second 
^ ■ order elliptic equations with piecewise Holder coefficients, where stronger C estimates 

H ■ were established. Later, C^'" estimates were obtained by Li and Nirenberg in [|T6l for 

general second order elliptic systems including systems of elasticity, with an improved 
Holder exponent a. A remaining open problem is to determine the optimal regularity; 
see the open problem on page 894 of [1^. In this paper we extend the interior C^'"' 
estimates in [[T6l to parabolic systems. For parabolic problems, related results were given 
by Almgren and Wang [|T] and Dong [9] . 

Let D c R" (n > 1) be a bounded domain that contains L disjoint subdomains 
Di, - ■ ■ ,Dl, with D = (UD,„) \ dD. Suppose that their boundaries dD, dD,„ are C' " 
for some < or < 1. Denote Qt = D x (0, T), for some T > 0. 
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We study interior gradient estimates of solutions of the linear parabolic systems 

(u%-D,,{A';f(x,t)Dj,u^'^ = -D,,g"' + f in Qj. (1.1) 

Here u(x,t) = {u^(x,t),--- ,u^{x,t)) is a vector-valued function, and we use D,m for 
du/dxi while we use (or sometimes Dtu) for du/dt. We also write Du (or sometimes 
Vm) for {Diu, ■ ■ ■ , D2U). Throughout this paper we use the usual summation convention 
over repeated indices: a and jS are summed from 1 to n, while / and j are summed from 1 
ioN. 

The coefficients A"^{x, t), often also denoted by A, 

(a) are measurable and bounded, 

|A:f|<Ao; (1.2) 

(b) and A"^(x, t) satisfy the following (weak) parabolic condition: for some constant 
^ >0, 

J^Ay(x, t)d,edp^^dx >a£ m^dx, G W'^\Qt;R\ V? 6 (0, T); (1.3) 

(c) Furthermore, A"f(x, t) is of class C'^'°°{Dm x (0, T)), that is, for some constants < 

< 1 , and C such that 

\A(x, t) - A{y, t)\ < C\x - y[, \t{x, t), {y, t) e D„, x (0, T), m = 1, 2, • • • ,L; 

and, for every integer k > I, there exists A2k, depending on k, such that 

k 

z 

.v=0 ■ 



2 \D^,A(x,t)\ <A2t, 
k ■^=° inD,„x(0,r),m= I,-- - ,L. (1.4) 



2 \D-JAix,t)-D',A(y,t)\<A2t\x- 



s=0 



■y\ 



Finally, we assume that / 6 L~(2r), and g 6 C^'"(D,„ x [0, T]). Here C'^'*(A« x 
[0, T]) denotes the Banach space of functions g(x, t) that are continuous in t and Holder 
continuous in x with exponent 6 [0, 1], and having finite norms 

\\g\W^ = y, sup + sup ■ . 

.=oA„x[o,r] 1-^ ^1 

Throughout the paper, unless otherwise stated, we will always assume that these hypothe- 
ses hold. 

We define weak solutions of (|1.1|) as in |I71. Denote by V{Qt\^^) the set of all u e 
L2(2r; R^) such that Du e L^iQr, R^), u{-, t) e L^{D; R^) for a.e. t e [0, T], and having 
finite norms 

ll"llv((2r) •= I I I \Du\^ dxdt + &SS sup I u^(x,T)dx 
\Jo Jd q<t<tJd 



W2 {Qt\ R^) denotes the Hilbert space with the inner product 

{u, v)^i.i = I I {uv + DjcuDjcV + DtuD,v)dxdt. 
^ Jo Jd 



By y(2r;R^) and W^'V2r;R^) we denote the subset of V{Qt\^^) and W];\Qt\^^\ 
respectively, with the elements satisfying u{-, Obo = a.e. t e (0, T). 

Definition 1.1. For / 6 U°{Qt), g e C'^iD^ x [0, T]), we say that m is a weak solution 

of O), if w e V(Qt; R^) satisfies, for a.e r e (0, T) and for all ^ e 2'^(2r; R^) that 
vanish at ? = 0, the identity 

r iuOi;r)dx- f [ u^,dxdt + f f A^fO/^u^DaCdxdt 
Jd Jo Jd Jo Jd 

= r r (n+g"D^odxdt. (1.5) 

Jo Jz) 

For 6 > small, set 

= |;c e D I dist(;c,5D) > ej. 
The first of our main results concerns the Holder interior estimates for the gradient. 

Theorem 1.1. Under the assumptions on D, A, f, g, (p mentioned above, let u G V{Qt; R^) 
be a weak solution of (11.11) . Then for any < 6 < | and a' < min{/i, jif^^' 

\\u\\u-(D,x{£T,T)) + ll'D^"llc'''.0((D,nD,„)x(eT,T)) 

< C (||M||L2(e,) + ll/liL»(er) + ^^f^Mc»'HDM\) ' (1-6) 

where C depends only on n,N, L, a, e. A, Aq,//, 7^,11^1 Ic«'.1(5,„x[o t]) '^"^ norm of Dm. 

In particular, 

WDMD-iDM^TJ)) < C (||M|lL2(Gr) + ll/lli~(er) + ^aX^ WgWc-' .°(D,nX[0,T])) ■ (1 -7) 

Remark 1.1. Theorem [TTI in the case A(x, t) = A(x), independent of t, was included as a 
part of the thesis of the first author, see [031 . 

Further, if we suppose that is of class C^'*^+HAnX[0, T]), and/ 6 C°'^(A«x[0, T]), 

g 6 C^'''(DmX [0, r]), then we have the following estimates on a's higher order derivatives. 

Theorem 1.2. Under the assumptions on D,A, f, g, (p mentioned above, let u 6 V(Qt; R^) 
be a weak solution of (|l.ll) . Then for any I < k, for any < e < ^ and a' < min{p, 2(i7^}> 



\\D'iU\\l'>=(^D,x{£T,T)) + ll-Dj£)jcM||cff'.0(| 



{{D,nD„,)x{£TJ)) 



< C 



MlHQt) + WD'Jh-iQr) + max ||^||c„'.,(2),„x[o,r]) 



l<m<L 
1=1 



(1.8) 



where C depends only on n,N,L,l,a,e,A,A2i,^i,T, diam(D), the C^-" norm of D,„, and 

ll^llc«'-*+i('D,„x[o,r])' 



We draw attention to some closely related results in [10] by J. Fan, K. Kim, S. Na- 
gayasu and G. Nakamura. 

This paper is organized as follows. In Section |2l we introduce some notations and 
present some standard L} estimates for readers' convenience. A result of Chipot, Kinder- 
lehrer, and Vergara-Caffarelli [8 1 for laminar elliptic systems is extended to laminar parabolic 
systems in Section^ We present a general perturbation result, an extension of Li-Vogelius 
and Li-Nirenberg for elliptic equations and systems, in Section IH and apply it to establish 
uniform gradient estimates in Section |5l Finally, the proofs of main theorems are given in 
Section [6l 



2 Preliminary Results 

In this section we mainly follow the notations and definitions of and [fT4| and list some 
standard estimates for readers' convenience. 

2.1 Function Spaces 

Let Z) be a bounded open set of R". H^ p{D; R^) and hI^^D; R^) are the usual Sobolev 
spaces of the vector-valued function u : D ^ MJ^; if ;? = 2 we shall write more briefly 
and Hi 



We shall also use V{Qt) and V{Qt) to denote ViQr, R^) and ViQr, R^), respectively, 
when there is no ambiguity. Let W^'^(Qt), W^-\Qt), and W'^'''(Qt) denote the Hilbert 
spaces with the inner product 

{u, v)(yj.o = ^uv + DjcuDjcvjdxdt, 

{u, v)y^i.i ~ J^ J^ ("^ DxuDxV + DtuDtvjdxdt, 



and 



' Jo Jd{^ 



dxdt. 



respectively. Denote by ^^'^(Qt) the Banach space consisting of all elements of V(Qt) 
satisfying 

lim||M(-,f + /z) - m(-,0IIl2(Z)) = 0, uniformly for + 6 [0,r]. (2.1) 

h—>0 

In fact 

W''\Qt) c V''\Qt) c ViQr), 
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and V^'^{Qt) is the completion of W2 (Qt) with respect to the norm || • Similarly, 
a zero over W^'^Qt), wI'\Qt), W^'''(Qt), V^'\Qt) and V(Qt) means that only those 
elements of the spaces are taken which satisfy u{-, OUd = a.e. t e (0, T). 

For u(x, t) 6 V^'^{Qt), we will consider the Steklov average, i.e. u'% average in t, 

1 r'^'' 

Uh(x,t) := - u{x,T)dT, 



Uh 6 wY{Qt-6), and 



for < ? < ? + < r. It is clear that ifueV then for any < < 5 (0 < 5 < T), 

r 1,: 



\\uh - u\\v{Qj_,) ^0, as /j ^ 0, (2.2) 

as shown below. First, 



Il2(D)- 



||ma(-, - m(-, 0lli2(£,) ^ T I ll"(^' - "(•' 0IIl2(D)^'^ - ^"P ~ ' 

" Jf t<T< t+h 

Since m e V^'^{Qt), it follows that the right hand side converges to zero as h ^ 0. On the 
other hand, 

1 r'' 

\\Duh{; t) - Du(; 0Ili2(g^ ^) < - J I|£>m(jc, t + s)- Du{x, t)\\l2^Q^^)ds 

< sup \\Duix, t + s)- Du(x, 011^2(0^ 

0<.V</2 

Since I}{Qt) functions are continuous with respect to translations, this supremum tends 
to zero as ^ 0. 

2.2 L} Estimates for the Initial Boundary Value Problem 

Let D and f,g be defined in Section [U We assume that Aff(x, satisfy (|1.2I) (11.31) . and 



(|1.4I) and /, g are smooth in t. We consider the following initial boundary value problem 
of the parabolic systems 

' {u'\ - (A°f (X, t)Dpui) = -D,g"' + /'• in D X (0, T), 
' u = ondDx(0,T), (2.3) 

u = (fix) on D X {0}, 



where (p e L (D). We now define a weak solution of problem (12.31) . 

Definition 2.1. For / 6 L'^iQr), g 6 C'' °(A« x [0, T]), and 6 L^iD), we say that m is a 

weak solution of (O, if " 6 V(Qt) satisfies, for a.e r 6 (0, T) and for all ^ 6 2 ^(2r), 
the identity 

r (mO(-,t)J;c- r (^^(sO)^;*;- f f u^fdxdt + f f A"^Dpu^DaC dxdt 
Jd Jd Jo Jd Jo Jd 



Jo Jd 



{U + g"D,Odxdt. (2.4) 



5 



The following lemmas and their proofs follow book [7] and [14J. We present them 
here for readers' convenience. 

o 

Lemma 2.1. Assume the above. Suppose u e V{Qt) is a weak solution of problem (12.31 ). 

o 

then u belongs to V ''"(2r)- 

Remark 2.1. Suppose u e V{Qt) is a weak solution of (11.11) . Then u e V^'^CQj.), for any 
Q'j = D' X (0, T), D' cc D. The proof of this assertion is similar to the proof of Lemma 
|2U 

Proof of Lemma |Z7] By Definition 12. 1[ we have, for a.e. r 6 (0, T) and for any ^ 6 

o 

wY{Qt), u satisfies the identity (12.41) . Since u e V(Qt), it is obvious that 

t)\\lHd) < MWiQrh a.e. r e (0, T). (2.5) 



Denote I = {r e (0, T) \ (l24l) and (1131) hold simukaneously), then the measure of ([0, T] \ 
I) is zero. For t 6 [0, T] \ I, we can redefine u{x, r) such that (12.41) and (12.51) still hold. 
Hence, without loss of generality, we assume that u(x, t) satisfies (12.41 ) and (12.51 ) for every 

T6 [0,r]. 

For T 6 (0, r), and A? > 0, denote 2r,r+Af = Z) x (r, r + A?). By (IZ4l) . we have 
(m^)(-, T + A ^i^-'c - I (m^)(-,t)Jx- I I u^tdxdt 

D Jd Jt Jd 

XT+A t p /^r+A t p 

J A"lDpu'D^C dxdt = J J (f^ + g"D^Odxdt. (2.6) 

Picking the test function ^(x, t) = Z^(x) 6 Hj^iD), the usual Sobolev space, then we have 



I (i<(.)c, T + At) - u(x, r))^ 

-•T+A r /^T+A ( 



I f^dxdt+ I I ig" -A"fD/su)Da^dxdt. 
T Jd Jt Jd 

It is clear that 

lim ( (u(x,T + At)-uix,T))^{x)dx = 0, for ^ e hUD). (2.7) 
For 0<T<T + At<T, consider (depending on r). 



u{x, t) = 

Similarly as the Steklov average, for < < A?, we define 



u{x, T + AO, t>T + At, 
u(x, t), <t <T + At, 

u(x, r), t <T. 



Then w/, e W ^' (2r,r+Af)- Take ^ = m/, in (12.61 ). and compute 



I u(uh)tdxdt 

= — J Jx| J m( jc, Oi'C'^^, ? + h)dt - J m(jc, Oi^C-^, t - h)dt | 



= — I Jx< I m(;c, f - h)u(x, t)dt - \ u(x, t)u(x, t - h)dt \ 

2« Jd y Jr+&t Jt } 

= — I dxl I u{x,t - h)u(x,T + At)dt - I u(x,t)u(x,T)dt\ 

= — f dxi f (u{x,t - h) - u(x,T + At)\u{x,T + At)dt 

2hjD yjr+At V / 

- lu(x, t) - u(x, T)ju(x, T)d?j + 2 ^ u^ix, r + A t)dx ~ 2 u^ix, T)dx. 
By (12771) . it follows that 

lim ( \ u(uh)tdxdt = - f u^(x,t + At)dx - - f u^(x,T)dx. (2.8) 
Furthermore, we have 

lim I uujJx, T)dx = ( u^{x, T)dx, and lim ( uuJx, r + At)dx = I u^(x, r + At)dx. 
On the other hand, 

pT+At p pT+At p 

lim I I A"^DpuDaUhdxdt = I I A^.^DpuDaUdxdt. 
''-^^Jt Jd Jt Jd 



Indeed, it reduces to show 

■>T+At 

\I\ 



XT+Af p 
J A"^Dj3u{DaUh - DaU)dxdt 

I I A^fOau I — I (DaU(x, s) - DaU(x, t))ds \ dxdt 
Jt Jd ^ \2/?J,-/, / 

^ ^ A".^{x, t)Dpu{x, t) |- ^ (Dau(x, t + /zi'') - Dau(x, t)) ds'^ dxdt 

< C{A)\\Du\\L2(ir,T+At)xD) sup \\Du{x, t + s) - Du{x, t)\\L 2((t,t+A OxD) 

^0 as h^O, (since Dm 6 L^(Qt)). 
Similarly, we have 

lim JJ g^D^Uh = JJ g"DaU. 



Then taking /i ^ in identity (|2.6I) with ^ = Uh,v^e. have 

^ J" u^(x, T+A O^^x-^ J" T)dx = J (fu + {g"" - A"fD/ju)Dau) dxdt. (2.9) 

This implies that 

\im M; T + A m%^^^ = M; r)\\l,^^^. (2.10) 
Now we can prove the continuity of u{-, t) in t in the norm of L^{D). Indeed, 

||m(-, t + a - u(-, 011^2(0) = I|m(-, t + a 0II£2(£,) + \\u(x, t)||^2(£,) - 2 I u(x, r + A Om(^, t)J.«. 

D 

Then using (12771) and (ITTOl) . it follows that 

lim ||m(-,t + AO-m(-,t)||Lo. = 0. 

Hence M e Vi'°(2r)- □ 

o 

Lemma 2.2. A.s'i'Mme above. Suppose u e V(Qt) is a weak solution of problem (12.31 ). 
then we have 

\\u\\i,Q^, < c(\mi,^^ + 11/11^2(2,) + ii^iii2(e,)), (2.11) 

where C depends only on A and T. 

Proof. By Lemma[2H u{x, t)eV ^ "(Qr)- For < r < T, let 

{u{x,t\ t>T, ^ , 

u(x, t) = I u(x, t), <t <T, and Uh(x, t) := — \ u(x, s)ds. 

2/z J,_i, 

[u(x, 0), t < 0, 
Replacing ^ by Uf, in (12.41) gives 

I (uuh)(-,T)dx - I (puh{-,0)dx - I I u(uh)tdxdt 
Jd Jd Jo Jd 

+ r r A"fDiiuDa(Uh)dxdt= f f (fuh + g"D„(uh))dxdt. (2.12) 
Jo Jd Jo Jd 

Similar to the derivation of (12.81 ). we obtain 

lim r r u(Uh)tdxdt = - T m^(jc, r)(i.x; - - T m^(x, 0)<ijc. (2.13) 
''-'0 Jo Jd ^ Jd 2 J^, 
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In fact, the derivation is much easier since we now have u e V^-'^iQr). Since \\uh - 
'^WviQr) as h ^ 0, and combining with (12.131 ). then sending /i ^ in (12.121 ). it 
follows that 

- r u^(x,T)dx+ f f A"^DsuD„udxdt = f f ( fu + s"Dau\dxdt + - f (p^(x)dx. 
2 Jz) Jo Jd " ^ Jo JdV ^ " / 2Jd 

Using the parabolic condition and Cauchy inequality, we have 

- 1 u^{x, T)dx + ^ 1 1 \Du\^dxdt 
2 Jd Jo Jd 

^ r r \Du\^dxdt + C f f \g\^dxdt 
2 Jo Jd Jo Jd 

\ \ \ \u\^dxdt + \ \ \ \f?dxdt +\: \ (p^(.x)dx, 
2 Jo Jd 2 Jo Jd 2 J^ 

where C depends only on A. That is, 

I u^(x, T)dx + I I |DmPJj:J? 
Jd Jo Jd 

r r r r r r r \fUxdt\, (2.14) 

wo Jd Jd Jo Jd Jo Jd / 



< 



+ 



< C 

where C depends only on Denote E{t) = £ u^dxdt and F(t) = l|i^ll^2(£,) + ll^llL^ce^) + 
11/1^2(2^), where Qr = Dx (0, r). By dZH), 



J£(t) 



< c(£(t) + F(t)), < t < r. 



where C depends only on A. This implies that 

£(t) < e^^E{0) + e^^Fir), 0<t<T. 

Lemma f22\ f olio w s from the above and (I2.14I ). □ 
Now we consider the estimate for w,. 

o 

Lemma 2.3. Under (|1.2I) (|1.3I) and (11.41) . suppose u{x, t) 6 zi' a weak solution of 

Problem (|2.3I) . Then for any small 5 > Q,we have 

sup I T)p(ijc + I I iMjpJjcJf 

6<t<tJd Js Jd 

^ c{^\v\\Ihd, + ll/llLHe.) + Z ll^'^llL^(e.))' (2.15) 
where C depends only onn,N,A,A2,T and 5. 
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Proof. STEP 1. By Lemma [TTl u{x, t)eV ^'"(Qr)- Let tq 6 (0, T) and h e (0,T - r,,). 

o 

Take Z;"/! as the test function in (12.41) . where ^ is an arbitrary element of W 2^(Dx (0, T + h)) 
with ^(-v;, = if ? < /z and t > T. A simple calculation shows that (^/,); = i^t)h, and 
hence 

I I u(^h)tdxdt = I I u{^t)hdxdt = \ \ U-h^tdxdt = - \ \ (u^h)t^dxdt, 
Jo Jd Jo Jd Jo Jd Jo Jd 

where the notation 

1 r 

^-h{x, = 7 ^(-^^ t)Jt. 
h Jt-h 

For all the other terms in <\2A) with ^ = ^/,, we also transfer the average (•)/, from ^ to the 
coefficients, taking into account the permutability of this averaging with differentiation 
with respect to x. This gives the identity 

r r {u^,Udxdt+ [ [ {A';fD^uj)_,D„^dxdt= [ [ iU^ + g\D^Odxdt, 
Jh Jd Jh Jd Jh Jd 

(2.16) 

o 

for any ^ 6 VFj^Qr+zi) which vanishes fox t < h and t > T . This identity is actually 
valid for any ^ that is equal to zero for t > t {t < T) and is equal to some function 

l&V ''°(2r) for t e [h, r]. Indeed, the set W^iQr) is dense in the space V ''"(Qr). Thus 

o o 

for any ^{x, t) eV (Qt) there is a sequence of functions & W 2 (Qt), that is strongly 

^ o 

convergent to I" as m ^ 00 in the norm of V''"(2r)- We denote the continuous 
piecewise-linear functions 



kt, in (0, |); 

1, in[|,T-i]; 

k{T-t), in (T-i,T); 

0, in (-00, 0] U [r, +cx)). 



Then identity (12.161) is established for ^m,k = i^mXk for t < T. One can pass to the limit as 
m ^ 00 and k ^ 00, thereby 

r [iu^HUdxdt+f \{A';fDpu^UDaldxdt= \ \ + g\D,l dxdt, {2.11) 
Jo Jd Jo Jd Jo Jd 

for any I' 6 V ^'"(Qr), r < T. 

STEP 2. For < |, replacing by rf(u-h)t in (12.171) . where rjix, t) is a smooth cutoff 
function, satisfying < 77 < 1, and for any < 6 <T, 



1, in(5,T), C 
[0, in(0,r)\(f,T), " 5 
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it follows that 



n(u-h)tn\u-h)tdxdt + j j (A"^Di3U-')-hTf'Da(u-h)tdxdt 
i Jo Jd 

= I I f-hTf(u-h)t + g1hn'Da(u-h)tdxdt. 
Jo Jd 



Then we have 
LHS 



~JJ luhtf'rfdxdt - ^ J J {(A"^yh)^D^u\x,t-h)ifDau'_^dxdt 

+ ^ ({A'l^DpuXfDj^ {x, T)dxdt - £ "ntWauU, 

here using ^(0) = 0, and similarly, 

RHS=£ £ 

- I I (g1h)trfDaU-hdxdt-2 I I gZfjjjrjDaU-hdxdt. 
Jo Jd Jo Jd 

Combining them, by Cauchy inequality, and sending /? ^ 0, we have 

T]^\ut\^dxdt + ^ (A^frjDjsuJTjD^u') (x, T)dx 

+ r {fg"D^u){x,T)dx- r r lf{g")tD„udxdt-2 f f l);ng"DMxdt. 
Jd Jo Jz) Jo Jd 

Then using the parabolic condition and Cauchy inequality, we obtain 

n\u,\^dxdt + A I \Du(x,T)\^dx 
Jd 

< C(n,N, A2) f f \Du\^dxdt+ f f {ffdxdt 
Jo Jd Jo Jd 

+c(A) r ig(x,T)ivx+c r r igp^x^^+c r r (2.19) 

Jd Jo Jd Jo Jd 
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Since 



\\g(x,T)\\l,^^^ -^J^ \\g(x,t)\\l2^D)dt 
=- f [ \gix,T)\^ -\gix,ttdxdt 

T Jq Jd 

- I I I Ds{g{x, syf dsdxdt 

T Jo JD Jt 

<2 I I \g{x,t)gtix,t)\dxdt 
Jo Jd 

Jo Jd Jo Jd 



it follows that 



\\g{x,T)\\l,^j^^< ci^^^ J \gix,ttdxdt + J \gr(x,ttdxd?j, 

where C depends only on 6. Substituting it into (12.191) gives 

sup I \Du(x, T)fdx + I I \u,\^dxdt 
6<T<T Jd Jd Jd 

where C depends n,N, A, A2, 6 and r. In combination with Lemma [221 (12.151) is estab- 
lished. □ 

Since A, /, g are smooth in t, it is standard to use difference quotients in t to estimate 
higher derivatives. 

Lemma 2.4. Under (11.21) (|1.3I) anJ (|1.4I) . if u e V(Qt) is a weak solution of problem 
(12.31 ). then for any < 6 < T and < e < 1, we have 

sup ^ I T)p<ijc + / I I |£>MfP^^xJf 

* ^ where C depends only on n, N, A, A2, T, e, and 6. 
Proof. For h<6,v\/e apply to (12.31) . thus 

A^u, - DM-^DpA^u^) = D„( (AfA^ ) (D^i/^ - A?^'' ') + A?/', (2.22) 



• 1 : Delete the two 
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where 



u'{x, t) - u'(x, t -h) 
h 



Similarly as in Lemma IZ2l multiplying if'/sl^u on both sides of (12.221) . where 77 is defined 
by (12.181 ). integrating by parts, and using the property of difference quotients, we have 



where C depends only on n, N, A, A2 and 6. In combination with (12.1 1|) and (|2.15l) . we 



3 Estimates for Laminar Systems 

In this section, we extend results for laminar elliptic systems due to Chipot, Kinderlehrer, 
and Vergara-Caffarelli [[8l to laminar parabolic systems. In subsection 13.11 we first con- 
sider the initial boundary value problem of laminar parabolic systems. Then in subsection 
13. 2[ we give the interior estimates for equations (11.11 ) in general domain D x (0, T), sim- 
ilarly as in section |2] In subsection 13.31 we consider the laminar parabolic systems in 
oj X (0, T). 

3.1 Estimates for the Initial Boundary Value Problem 

Let D be the unit cube oj. 




established (|2.211) . 



□ 




divided into cl),„. However, the o),,, are different; they are strips: 




where the c„, are increasing constants lying between and |. There may be infinitely 
many strips; if so, we set c_oo = -5 and Cco = \- We consider the following initial 
boundary value problem of the laminar parabolic systems 
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Here g,f are smooth in each a>,„ x [0, T], and (p e C°°{a)m)- We assume that A"^(x,t) 
satisfy (ll.2|) (11.31) . and further, for any nonnegative integer r, s, 

\D[D',A';fix, 01 < A/, V {X, t)eoj^x (0, T), (3.2) 

r+2i</ 

where A = Aq < Ai < • ■ • < A/ < • • • . 



Proposition 3.1. Assume the above. Let u 6 V{Q.t) be a weak solution of (|3.1I) . Then for 
< 6 < T and for all y' , D^^,u £ C^(co x {6, T)), and for each m, and any < 6 < 1, 
u e C°° ({cOf; n ZZ»„,) X (6, T)). Moreover for any nonnegative integer k, and any m, 



r+2s<k 

( 



< c 



\Y\<k+k+i,s<^ + i 



(3.3) 



where k = [^] + 1 and C depends only on e, S, k, n, N, A, T and A^^^^2- 

Our proof of Proposition 13. 1 l adapts the alternative proof of Li-Nirenberg in the elliptic 
case to the parabolic systems. For laminar systems, we could establish the estimates in 
Ci)X{6, T), as well as in Lemmma l2.2l -Lemma l2.4l just replacing the domain D by oj. Next, 
we will establish the interior estimates for higher derivatives of weak solutions. 

Denote 

= X (0, T), and = jjc e a; | dist{x, dco) > e} , for < 6 < 1. 

Then 



Lemma 3.2. Under (11.21) (|1.3I) and (|3.2I) . if u e V(^^r) is a weak solution of problem 
(|3.1I) . then for any < e < 1 and integer k > 0, for < \y'\ < k, D\,u 6 wI^^{Q.t), and we 
have 

sup I \D^^,u{x,T)^dx+ y I I \DD^^,u(x,t)\^dxdt 

\Y\<k \y\<k \Y\<k 

where C depends only on n, N, A, Ajt, T, k, and e. 

In order to estimate higher derivative, it is customary to differentiate the equation, 
to multiply by a suitable derivative of u and by a cutoff function, and to integrate by 
parts. Clearly, we are not allowed to apply D„ across {x„ = c,„} since the coefficients are 
smooth only in x' = (xi, ■ ■ ■ , x„-i). Furthermore, we do not know yet that u has additional 
derivatives in the x' directions. So in place of taking derivatives, it is standard to use 
difference quotients in these directions. 
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Proof of Lemma 1X21 For k = 0, the estimate (13.41) is done by Lemma [Z2l for D = co. For 
ly'l = 1, denote the difference quotient in -direction (5=1, •••,«-!) as 

_ ^ ^ u{x + Les,t)-u{x,f) 
A^u(x,t) = . 

Taking the difference quotient A,' to the equation in (13.11 ). we obtain 

A>, - D„ (A';f(x, t)Df,Ay) = -D,i^A:g"' - (A^Apix + ie„ t)Dpui^ + Af/. (3.5) 



Multiply by ^ = {ff-Afu)h, where ^(x) e C^(a») is a cutoff function satisfying < fi{x) < 1, 
and for any 6 > 0, 

[l inw,, C(n) 
10 outside a»f, e 

Then, for <\l\< |, integrating by parts, we obtain 

I A'u(fj'^Afu)h(-,T)dx - I A'u{fj^Afu)h(-,0)dx 

- f f iA'u)((fi^Afu)h]dxdt+ f f A"f(x,t)DpAyDc,ifi^Afu')hdxdt 

Jo Joj ^ 't Jo Jw 

= I I Alf'{fj^Afu')Hdxdt 

Jo Jcj 

+ J (Afg"' - {A^Apix + L e„ t)Dpu^YM^y)hdxdt. 



Similarly as in the proof of Lemma 12. 11 sending h 0, and making use of (11.21) (11.31) and 
(1X21) . we have 



sup j rf-\Alu{x,T)\^dx + \ \ rf\DA'u(x,t)\^dxdt 

Q<T<T Joj Jo Jai 

where C depends only on n, N, A, Ai, e. So that 



o<T<r 



sup j fi^\D^^u(x,T)fdx+ I I fi^\DD^u(x,t)\^dxdt 



11' 

Jo Joj 



Hence, for any y', ly'l = 1, combining with Lemma [X^ we obtain (13.41) for k = I. For 
the general ^, we can make use of further differentiation in the x' direction, and obtain the 
estimates (|3.41) by induction. □ 
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Lemma 3.3. Under (11.21) (|1.3I) and (|3.2I) . if u e V{Q.t) is a weak solution of problem 
(I37T]) . then for any 0<e<l, 0<6<T, and integer k > 0, for < ly'l < k, D\,u £ 



W^'^CcUf X (6, T)), and we have 

^ sup r |D^,'m(-^,t)PJx+ ^ r r \DD^^,ufdxdt 

\Y\<k \Y\<k 
where C depends only on n, N, A, Ajt, T, k, e and S. 

Proof. For k = 0, (13.81) has been established in Lemma IX2l with D = co. For any < 6 < 
T, by Lemma [Z2l we have, for \y'\ = 1, 

Then by Fubini theorem, there exist ti e (■^, |) such that 

£ \DMx,lfdx < c[mI,,^^ + + ll^lli.(n,))- (3.9) 

Consider (|3.5I) in a; x T), by the same process, we obtain, similar as (|3.71 ). 
sup I 77^|Z);c^m(.)c, T)p(i.x: + I I ff\DD,,^u(x,t)fdxdt 

where C depends only on n, N, A,Ai, e and 6. Then combining with (13.91 ) and (12.1 II) . we 
proved Lemma U3] for k = I, and 

^ sup r |D^,'m(;c,t)PJx+ ^ r r \DD]^,u\^dxdt 

\y'\<l'tl<T<T JtOe |7'|<1^1 "^f 

|y'l<i lr'l<i 
where C depends only on n, N, A, Ai,T, e and 5. Then by (|3.10l) . we have for \y'\ = 2, 

D':,u{x,t)Uxdt< c{\ml,^^^^Yj + Z ll^'''^llL^(n.))- 

9 |r'|<l |y'|<l 

By Fubini theorem, there exists ~t2 6 (|, |). Repeating the above process in a» x (?2, T), 
we obtain the estimate (13.81) for k = 2. For further > 2, we can establish (13.81) by 
induction. □ 
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To save space and the reader's patience, in the following we shall simply differentiate 
the equation in place of taking difference quotients in x' to obtain higher regularity. 

Lemma 3.4. Under (11.21) (|1.3I) and (13.21) . if u e V{Q.t) is a weak solution of problem 
(13.11) . then for any < 6 < T and < e < 1, we have, for \Y\ < k, and I >0, 

^ sup r \DD^^,Dlu{x,Tfdx+ Yu { { \D^^,Dlu\^dxdt 

\Y\< k,s<l-l ^-''-'^ ^'^^ \Y\< k,s<l ^'^E 

^c(ll^lli^M+ Z ll^i/lli^(n.) + Z ll^iA^^^llL^cn.))' (3-11) 

lr'l< \y\<k,s<l 

where C depends only on n, N, A, Ai,+2i+2, T, k, e and 6. 



sup Yj r \D^^'Diu{x,Tfdx+ z r r i^^^^^i^^-^*^^^ 

Z ll^i A7lli.(n.) + E ll^i^'^^lli^(.„x(o,r)))' (3-12) 



5<T< 

< 



\y\<k,s<l \y'\<k,s<l 

where C depends only on n, N, A, Ajt+2/+2, T, k, e and 5. 

Proof. For any y' , \y'\ = 1, applying D^, on both sides of the equation in (13.11) . we have 

Similarly as the process to prove Lemma 12.31 in virtue of a cutoff function, defined by 
^3M . instead of (12.201) . we obtain 

Y sup r \DD^^,u(x,T)\'^dx+ Z r r \D]^'^t\^dxdt 

\Y\<k^2 -''^f \Y\<k \y\<k,s<i 

where C depends only on n,N,A,Ai,+2,k,T, e and 6. Combining with Lemma [33l we 
know e W^'^tOm noj^x (0, T)), and we have (13.111) . 
Further applying D^, to (|2.22l) . we have 

+ (A':DtA^f) Dpui + (d^ A;.f ) (a'ID^.u^) - A'lg"') + D';A';f, (3.13) 

Multiplying 7)^ Dj^,AfM on both sides of (|3.13l) . integrating by parts, we have (|3.121 ). For 
general k and Z, we can obtain (13.1 II) and (|3.12l) by induction. □ 
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Now denoting 

w = (w') = (A';fD^uj-g"'), (3.14) 

then we have 



Lemma 3.5. For < 6 < T, < e < \, and for \y\ < k, s < I, DlD]w,DlD',d„w e 



LlXico, n ojj X {6, T)), 



Ir 
< 



\y'\<k,s<l |r'|<*:,.v</+l 

where C depends only onn,N, A, JS.k+2i+\ ,T,k, e and 5. 
Proof. Rewrite the equation in (13.11 ) as 



a<n-\ 



For any /, |/| = 1, applying D^^, to (I3TT41) and (I3.16L by virtue of (1X81) and dTTTI) with 
/ = 1, we obtain, Dj^,5„w 6 L^^^CQj-) for k = 2. Further applying dt, similarly as the above, 
by virtue of (13.1 II) and (I3.121 ). we obtain (|3.15l ) for ^ = 2 and 1=1. For general k and /, 
we will obtain (|3.15l) by induction. □ 

Here we need the following embedding inequality, which is a variation of well-known 
Sobolev's inequality. The proof also could be found in [il6i . 

Lemma 3.6. Let f be a real function in a bounded domain oj c W with D^^,f e L^ito) 
and D^^,dJ e L\oS)for all < \y'\ < + 1 =: I Then f e C^oJ), and 

II/IIl-m < C{n) (ll^i/llL^M + WD^MlHo.)) . 

\Y\<k 

Further, if f{x, t) 6 L\0, T; C\co)) and fix, t) e L^{0, T; C^{co)), then f e C^iTh), and 



< C(n) Y (WD'^'fhHnr) + WD'XfhHnr) + WDtfWtHnr) + WD^dnflkHnr)) ■ 

\y\<k 

Proof of Proposition \3.1\ It is well known that for each m, u e C~((a»„, n co^) x {6, T)). 
For k >k = [^] + 1 and \Y\ < k -k,hy Lemma |33] and Lemma [3^ and application of 
Lemma [X6l with / = Dl,u, we have 6 C^{cOe x T)), and 

Z ll^y"llL~((^fX(c5,r)) 
\y'\<k-k 

<c{\HlHo.)+ Z \\D'r'D':g\\LHnr)+ Z \\DtDrf\\LHnr)\ (3.17) 
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where C depends only on e,6,k,n,N,A,T and Ak+2- Similarly, for k > k + I and ly'l < 
k-k- I, by Lemma [331 and Lemma [3]6] with / = £>y w, we have Dl,w 6 C'^iojf: x (6, T)), 
and 

\\DtM\L«iaj,x(S,T)) 

\y\<k-k-l 

<C(|ML2(,)+ \\D'^'DU\\LHnr)+ J] ll^x'A7llL2(n,)), (3.18) 

\y'\<k,s<2 \y\<k,s<l 

where C depends only on e,6,k,n,N,A,T and Ayt+3. Consequently, DD^^,u 6 L'^g^ico x 
(5, r)), and 

2 l|£»Z)iM|| L"((tj„,nw,)x(5,r)) 

|y'|<yt-I-l 

<C(||^||,V)+ Yu \\^t'DtS\\LH^r)+ Yj II^I''A7llL2(n,)), (3.19) 

\y'\<k,s<2 l7'|<*:,s<l 

where C has the same dependence as in (13.181) . Indeed, by (13.171) . we only need to show 
that dnD^^,u 6 L'j^^iioJm n oje) X (5, T)), for ly'l < k-k - I. Since 



°((w„,nt^,)x(<5,r)) 



it follows, by (ITTtI) and (I3l8l) . that A™5„D^,'m^' e L^'^^Xo; x (5, T)) and 

\y'\<k-k-l 

\Y\<k,s<2 lr'|<*:,.v<l 

where C depends only on e,5,k,n,N,X,T and A~k+3. Because of (I1.2D and (11.31 ). (A™) 

is a positive definite N x N matrix with eigenvalues in [A, Aq]. Consequently, dnD^^,u 6 
L^>x((5,r))and 

Yj ll^"-0l'"ili"(((^mnc^,)x((5,r)) 

Ir'|<*:-I-1 

< c(||^|L2(,) + Y ll^l'A'^llL^cn,) + II^I' A7llL2(n,)), 

|y'|<<:,i<2 |y'|<*:,.v<l 

where C depends only on 6, 5, k, n, N, A, T and Ayt+3. 
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On the other hand, by Lemma 1X4] and Lemma |3^ we have 

L~((6j„nw,)x((5,r)) 

\Y\<k-k-\ 

< cfll^lL.M + Yj \\^'>tS\\LKar) + E II^I' A7llL^(n.)), 

Ir'|<*:-l,i<2 \y\<k~\,s<2 

where C depends only on e, 6, k, n, N, A, T and Ayt+3. 

Inequality (|3.19l) gives us the desired bound for tangential derivatives in spatial space 
of u and dnU. To estimate derivatives involving for k > 1, we simply observe that 
these can be derived recursively from those already established. Indeed, according to the 
equation in (13.11) . and by the definition of weak solution, 

u\ = DaiA^lDpu^ - g"') + f in6oix(0,r), in the sense of distribution. 

So in every co^ x (0, T), the equation could be rewritten piecewise as 

Aip„nu^ = u\ + D,g'''- Yj DAA",^Dpu^)-{DnA1'!)Dnui -f. (3.20) 

a+/3< 2;i-l 

Since the matrix A™ has a bounded inverse, we can estimate D\,d^,u pointwise for 
each open strip. Applying dn and D, to (13.201) . we can then estimate higher derivatives. 
We thus obtain 



"'((w„,ntjE)x(5,r)) 

r+ls<k-k+\ 



< 



2 \\d:d'M\l- 

s<k-k+\ 

c(\\<p\\lH., + Y WD'^'D'.giy^nr) + ll£>l'£>;yilL^(fi.)), 

Ir'|</t,.s<^^ + l \y'\<k,s<!^^ + Y 



where C depends only on e, 6, k, n, N, A, T and A^-^s. Hence, u e C°°((a»„, fi (y^) x [6, T]). 
Proposition |3.1| is established. □ 



3.2 Interior Estimates for the equations in Domain D x (0, T) 



In this subsection we consider the equation (11.11) in D x (0, T), defined as in section [2l 
Here we still assume that f,g e C^iD^ x [0, T]), and A"^ satisfies (D (D and (fL?!) . 
we will establish the interior estimates for a weak solution of the equation (11.11) . 

Lemma 3.7. Under (11.21) (11.31) and (|1.4I) . suppose u(x, t) e V{Qt) is a weak solution of 
([LT]) . then, for < e < I, < d < T, we have 

ll«llW(^,r)) ^ + ll/llj.(e,) + MlHQr)\ (3.21) 

where C depends only on A, e and 6. 
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Proof. By Remark ITU for < 6 < 1, < (5 < T, we have u e V^-'^iD^ x (f , T)). Take 
^ = Uhrf-{x, t) in (11.51) . where ri{x, t) is a suitable cutoff function, satisfying < 77 < 1, and 

fl, mD^x{6,T), C C 

[0, in 2t \ Z)| X (|, r), 6 e 

Then, instead of (12.131) . we have 

77 




lim I I m(m/,77 ),dxdt 



^Z) 



= - r {ifu^){x,T)dx-- ^ {Tfu'^){x,0)dx + 2 T T rjrjtU^dxdt 
2 Jd 2 Jo Jo Jz) 

= - r {ifu^){x, T)dx + 2 r r riritu^dxdt. 
2 Jd Jo Jd 

And passing to the limit as ^ in other terms, it leads to 

- f (T]^u^)(x,T)dx + f f A"^r] DjjUT] DaUdxdt = -2 f f T]uA"^D^uDaT] dxdt 
2 Jd Jo Jd Jo Jd 

+ J" J" {fun^ + Tfg"DaU + 2riri,u^ + 2urig"'Dar]jdxdt. 

From it follows the estimate (13.211 ). □ 

For the derivatives in t, we have 

Lemma 3.8. Under (11.21 ) (11.31 ) anJ (13.21 ). z/m e y(2r) zi' a weak solution of (11.11 ). ?/zen 
for any < e < \, < 6 < T, we have 



|2 



i5<T< r Jd^ J 6 Jd, 



i<l 

where C depends only onn,N, A, A2, T, e and 6. 

Lemma 3.9. Under (11.21) (11.31) and (|3.2I) . z/m 6 V(2r) z* a weafc solution of (11.11) . ?/zen 
/or any < 6 < 1 anJ < 6 < T, we have 



V r 



sup > I t)| + ^ I I \Dut\ dxdt 

s<T< T .j^, Jd. 



\Y\<k^'^^ \y'\<k 



-^s Id. 



^ c{MlHGr^ + Z + Z ll^^'^llL^(A„x(o,r)))' (3-24) 



where C depends only on n, N, A, A2, T, e and 5. 
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3.3 Interior Estimates for Laminar Systems in Domain oj x (0, T) 

In this subsection we consider the laminar systems (11.11) in a» x (0, T), defined as in sub 
sectionO Here we still assume that f,ge C°°ico,n x [0, T]), and Aff satisfies (fOl) (O 
and (13.21) . we have 



Proposition 3.10. Under (|1.2I) (11.31) anJ (13.21) . /e? u e V{Q.t) be a weak solution of 
(|l.ll) . r/zen, for < 6 < T and for all y' , D^^,u e C"(a; x (6,T)), and for each m, 
u 6 C°°{{aj n (Dm) X ((5, T)). Moreover for any small e > 0, k > 0, and any m 



r+2s<k 

( 



< C 



|/|<<:+<:+l,.v<| + l 



(3.25) 



where k = [^] + 1 and C depends only on e, 6, k, n, N, A, T and A^_^^^2- 

Corollary 3.11. Suppose A is constant in x and smooth in t in co,„ x (0, T), satisfying (11.21) 
(11.31 ). and f, g are constant in co,„ x (0, T).Ifue V(Q.t) is a weak solution of (11.11 ). then, 
/or < 6 <T and for all y', D\,u e C*'((X> x (5, T)), and for any Q < e < \, k>Q, we have 

M\c''-i'IH{oj„,noj,)x{dJ)) ^ C{\\u\\ii(a^) + ||/||L"(nr) + ll^llL"(nr)) > 

where C = C{e, k, n, N, A, A, T, A). 

The proof of Proposition 13.101 will needs the following Lemmas, analogically as in 
Subsection 13. 1[ From arguments similar to that in the derivation of Lemma [33ll3.5[ just 
replacing (12.111 ) by (13.211 ) with Z) = a», we have the following higher interior estimates 
for the solution of (11.11) . 

Lemma 3.12. Under (11.21) (II. 3D and (13. 2D . if u e V{Q.t) is a weak solution of (II. ID . 
then for any 0<e<\, 0<6<T and positive integer k, for \ < \y'\ < k, D\,u 6 
W^'^iojfT X {6, T)), and we have 

2 sup r |dJm(x,t)PJjc+ ^ r r \DD^^,ufdxdt 



\Y\<k \Y\<k 
where C depends only on n, N, A, At, k, e and 6. 

Lemma 3.13. Under (11.21) (|1.3D and (13.21) . z/m e ^(Qt-) z5 a weafc solution of problem 
(13. ID . then for any < 6 < T and < e < \, we have, for \y'\ < k, and I >0, 



2 sup r |DD^,'d;m(;c,t)PJx+ Z f f ID^'DtUl^dxdt 



\y'\<k,s<l |y'|<A:,s</+l 
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where C depends only on n,N, A, Ak+21+2, T, k, e and 6. 

sup Yj r l^i ^X-^, T)pJx + \ \ \DD'^^,D'^u\^dxdt 

^ |y'|< k,s<l ^'^^ \y'\< k,s<l ^'^^ 

^ C(ll"lli^(n.) + E ll^i^'^/lli^cn.) + Z ll^x''A^^llLW(0,r)))' 

|/|<*:,.v</ |r'l<'t,i</ 

where C depends only on n, N, A, Ak+21+2, T, k, e and 6. 

Lemma 3.14. For Q < 6 < T, Q < e < \, and for \y'\ < k, s < I, D^!^D',w,D^^D',dnW € 
Ll^{{oj, n cu,,,) X (6, T)), 



Y \ \ \DtDrW\^dxdt+ [ [ IDtDfdnWl^dxdt 



< CI||m"2 



lr'|</t,.s</ ^" ^'^E ly'l 
|2 

lr'l< |y'|<<:,s</+l 

where C depends only onn,N, A, A/.+2/+1 ,T,k, e and 6. 

The proof Proposition 13 . 1 01 can be established by Lemma |3]6] and Lemma [3.12H3.14[ 



4 A Perturbation Lemma 

In this section, we will give a perturbation lemma for parabolic systems. For simplicity, 
here we still suppose that oj is the unit cube. For < /I < Aq < 00, Aq) denotes the 
class of measurable vector-valued functions {A"^{x, t)) satisfying (11.21) and (11.31) . Denote 

QJ"^ = (1 - o-)oj X (err, T). 

In this section we use, unless otherwise stated, C to denote various positive constants 
whose values may change from line to line and which depend only on n, A^, A, A2, T . 

Lemma 4.1. For < 6 < 1, suppose A,B e {A, Aq) satisfies 




If A is in t, then for any f e W^^^ol) x (0, T)), g e W^'^io) x (0, T)) and the solution 
u£V{cox (0, T)) of 

{u% - DM"^{x, t)Dpu^) = -D^g"' + f, in Qt = cox (0, T), 
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there exists some solution v e V(Q.^ ) of 



(v% - D,(B';f{x, t)Dpv^) = 0, in d;'\ 



and we have 



u - v\\ < C (llgIlL2(nr) + Uhnnr) + (MkHar) + ll,?fllL2(nr) 



+ 



)). 



where C and y depend on n, N, A, A2, T. 



In our proof of Lemma 14. 1[ we make use of Theorem 17.11 an extension of a classi- 
cal result of Campanato in [6J for strongly parabolic systems to parabolic systems with 



coefficients satisfying only (|1.2I) and (11.31) . See Appendix. 

Proof of Lemma Wl\ STEP 1. By Lemma [XT] and Lemma with D = CL>,we have 



\u\r 1 < c 



+ Yj\\D'^gfr., + 



'LHajx{0,T)) 



2 



By Fubini theorem, there exists I < cr < | such that 



rJ((l-o-M 



{\u\^ + \urr + \Vundt]dS < C\\u 



(4.2) 



By Lemma [3771 Lemma [X9l and Lemma [3. 121 with D = to, for any ^ < r < T, we have 



I \U(X, T)\^dx < C (l|M|li2(nj,) + 11^11^2(0^) 

f \Du{x,T)\^dx < c\\\u\\l,^^^^ + ^ 

J(1-D-)W V .V<1 



LHO.T) 



)• 



+ 



\Uf(x, T)\^dx < C 



(l-o-)tj 



S<1 



Therefore, 



r (\u\^ + \ut\'^ + \VuA(x,(TT)dx+ [ (\u\^ + \ut\'^ + \VuA(x,T)d 



< C 



S<1 



S<1 



Then combining with (|4.2I) . we have 



u?- + \u,?- + 



|Vm|')< 



c 



J<1 



24 



Fix some < 6 < I, then take U £ ^(O!^^) (the usual fractional Sobolev space in 
(n + 1) dimensions) as an extension of u on dnf^ such that 



\\ur 



< 



C f l\u\^ + \u,\' + \Vu\A 



By the Sobolev embedding theorem, 

W^tWufiiip^ + IIVt/|lip(n^-)) < C||t/||^3/2-.(n<-'), 
where p = ^ e (2, ^). It implies that 



\u\\:.,^. + j]mg\\l,^^^, + j]\m\\ 



|2 



2 

L2(nr) 



STEP 2. There exists v e VCQ^^'"^) satisfying 



-(v')r + D,{B';f(x, t)Dpv^) = in 



(0-) 



v(x, = u{x, t) 
v{x, t) = u(x, t) 



on d{{l-(r)co)x{o-T, T), 
on{l-o-)ajx{o-T}. 



(4.3) 



Since U e Wl'\Qf^) c V(Qf\ then v - C/ 6 V{Qf^) and satisfies 



-(v' - + D,(B';f{x, t)Df,(vJ - W)) = U\- D^iB'l^ix, t)Df,W), in Qf>. 

Applying Theorem 17. 1[ we have for all 2 < jc < po, where po is the one in Theorem 17. 1[ 
(to determine the above constant 6), depending only on n, A and Aq, such that 

-o-)a)X{o-T,T)) I • 

Now we choose 6 such that 2 < p < po with "p = p. Then, 
Recalling (|4.3I) . we have 



l"llL2(nr) + 



2 

L2(f2r) 



IIVvll 



< C 



2 

L2(nr) 



Step 3. Combining the equations of u'% and v's, we obtain that 

-{u' - v% + D„ (A;f (X, t)Df,(uj - yJ)) = D,g"' + /' + ({B'^f - ApDpv^) , in Q' 



T ■ 
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Since w - v = on dp(Q''j^), the parabolic boundary of \ it follows from Lemma IZ2l 
that 

sup I Km - v)(x, T)\^dx + ||V(m - v)I|^ 

<tT<t<T J(l-cr)a) ^ T > 

By Holder inequality and (|4.1I) . we have 

sup I \(u-v)(x,Ttdx + \\V(u-v)\\^ , 



2 



< C 



''-2, 



^ C(||g|li.(^^, + ||/|ll.(„^) + 6-||Vv|| 



< C 



Taking y = Lemma |4~T] is proved. 



5 Estimates of |m| and Preliminaries for Estimates of |Vm| 



Before proving Theorem ll.il we derive uniform L°° and gradient estimates in this section. 
In order to estimate |m| and | Vm| at a point (x, t) in some x (0, T), we need only consider 
the case that for some mo, X° = (jc°, ?°) is in x (0, T) and close to the lateral boundary 
dDrriQ X (0, r), and estimate \u\ and |Vm| at In that case we approximate the problem by 
laminar systems with a finite number of strips. 

We shall focus on a neighborhood of X° in this section. Without loss of generality, 
we take as the origin in R" and f = \ < T, that is, X° = (0, 1). By suitable rotation 
and scaling, we suppose there lie a finite number of the 5D„, in the cube oj = {^,\y\ and 
these hypersurfaces take the form 

I -I l\"-i 

~ fmi.^ )? X G y~2~' 2/ ' ~ ^ J ' ' ' ^ h 

and 

'l = Mx) < nix') <■■■< fix') < fM = ^, 
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where /„ 6 C^'°'([-^, j]" thus we have / + 1 regions 

D„, = |x = (X', X„) 6 to f,„(x') <Xn< f,n+\ix'), x' 6 (-^, ^y'^^j , < m < Z. 

We suppose that /mo(O') < < /mo+i(0')> and (0',/mo+i(0')) is the closest point on dD^^ to 
the origin. So that 

V7mo+l(0') = 0. 

After rotation and scaling, (11.11 ) still have the same form, and the coefficient conditions 
(11.21) (|1.3I) still hold. We now consider the equation in Qi = a)X(0, 1). Denote the cylinder 

Q(0,r) = rajx(l-r\l), 

where 

rto = {x eR" \ \xi\ < = 1' • • • ^n], 

then 2(0, 1) = fli = a;x(0, 1). Our desired estimate for Vm(0, 1) is given by the following: 

Proposition 5.1. Suppose the coefficients A{x, t) e C^'^iD^ x (0, 1)) (0 < yu < 1) satisfy 
(|1.2I) and (|1.3I) . with {^m}',j=o above. Ifue V{Q.i) is a weak solution of (|l.ll) . then for 



0<a' < minjyu, 2(i^}. 

|m(0, 1)1 + |Vm(0, 1)1 < ci\\u\\L2(ni) + ll/llL~(n,) + max WgWc^'m x(oi)))' 
where C depends only on n, N, I, a, u, A, Aq, T, max || LUrLt^rr-i iv-u, and max \\A\\ra' 1,75 vm nv 

0<m<l U 2'2J > l<m<l l,i^mALU,lJ) 

The L°° estimate of \u\ in (11.61) and estimate (11.71) in Theorem 1 1 . 1 1 folio w s from Propo- 
sition ISTT] The proof of Proposition 15. 1 1 will use the perturbation Lemma 143] in 2(0, 1). 
We approximate the system "A" by a laminar system with coefficients A that are piecewise 
smooth functions. Precisely, we introduce strips in oj. 



a),„ = l^xeco: f„{0') < x„ < /„,+i(0')|, 



and define the coefficients A as 



A{x, t) 



' lim Aff (j, 0, x^oj„i->i (0, 1), m > mo. 
Ay (0,0, X 6 X (0, 1), 



l^v-^(0',/„+l(0')) 



lim A^f (y, 0, xecom^ (0, 1), m < mo. 



Using / and g, we similarly define F and G, respectively. We measure the difference A -A 
in terms of a norm || • defined below on 2(0, 1). 
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Definition 5.1. For 5 > 0, 1 < p < 00, and any vector- or matrix-valued function F, we 
introduce the norm 



\\F\\Y.r = sup r^-'( f \F\Pdxdt]'" 

0<r<l V JQ(0,r) ' 



Lemma 5.2. Take 

' a 



< a' < min < /i, 



l{a + 1) j ' 

and A, A defined as above. Then there exists a positive constant E, depending only on 
n, I, a, a'. A, Aq, max ||A|L„'.Ofn ym ni^^ liy;«llri.<'fr-i ^^^h that 

0<m</+l ^ (,i^,„xuJ,iy 0<m</ '■^ 2-2^ 

\\A-A\\yUa'.2 < E. 

It can be proved in the same way as Lemma 5.2 in [fTTll . For reader's convenience, we 
present the proof here. 

Proof. Due to the definition of D,„ and a;,,,, and Lemma 5.1 in [fTTll . we have 

r"" |(a>„, n roj) \ D,„\ < Cr^^. 
Then by the definition of A, A, 



(f 



,1/2 



\A-AYdxdt\ 

e(0,r) / 

= — y r r |A - ipjjcj? + — y r r ia-aiw? 

\ ^" „, Jl-r2 Jw,„nrwnA« ^" ™ Jl-r2 J(6j„,nr(j)\D,„ 



/ 1 ^1 ^ \ 



< 



— y r 



\A - Afdxdt 



1/2 



+ Cr2(i+"), (5.1) 



where C depending only on Aq, / and the C^'" norm of f„, I < m < I. The first term in the 
right-side of (|5.1I ) requires a slightly different estimate, depending on whether m < mo, 
m = niQ or m > niQ. For m < mo, 

|A - A\^dxdt\ 

„nrwnD,„ I 

s 1/2 

|A(x, - A(0', /,„(0'), OP^i?.^^i?n 
^^\4r2\ r U-(0',/^(0'))P'^'j.^Jf) < Cr'^', 

Jl-r^ J oj„,nrojnD,„ I 



-f'f 
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where C depends only on l|A||c„'.0(o^x(o i)) < For = "^o» 
( 1 



— r r 

f— r r 



1 ^ xl/2 



2 



|A(;c, - A(0, t)\ dxdt 
and for m > mo, 

I \ r 

\A - A\^dxdt 



< Cr"\ 



-C r 

r"+2 I, 2 I 



,1/2 

■|2, 



' ■'l-f-'^ J a),„r\rojr\D,„ 

'\ .m2. 



-1 r 

r«+2 I, 2 / 



\A{x, t) - A(0', /™-i(0'), Or^i?-^^^/' 

1 /- 



^<^(4ir r |x-(0',/„,^i(0'))r'rfxJf| <Cr". 

In either case we therefore conclude from (15.11 ) that 

\-'e(0,r) / 

We now choose E = C, then the lemma follows. □ 

We now prove Proposition 15.11 The method we use here is an adaption of that of 
Li-Nirenberg in [[T6l for the elliptic case. See also related papers of L. Caffarelli and 
Caffarelli-Cabre Ml^- 

Proof of Proposition \5.1\ For simplicity, we treat the case /' = g"' = 0. We will show 
that 

KO, 1)1 + |Vm(0, 1)1 < CINb(n,)- (5.2) 

By Lemma [5]2l 

||A-A||y,«'.2 < E. 

In fact, we can further assume that 

||A -A||y,w.2 < 60. (5.3) 

for some small enough 6o > (depending only on n, N, A, A, a', and E). Indeed, we pick 
ro satisfying r^'{\ + E) = eo and let 

A{x, t) = A{roX, rl(t - 1) + 1), A(x, t) = A{roX, r^it - 1) + 1), 

and 

'u(x, t) = u{roX, rl(t - 1) + 1). 
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A simple calculation yields 



"i-f \A-A\^dxdt] 

\jQ(0,r) / 



1/2 



= r 



^ J \AiroX, rlit - 1) + 1) - A(roX, rl(t - 1) + l)f 



dxdt 



\x\<r 
V l-r-<t<l 



1/2 



'Q(0,rar) 



1/2 



SO 



■ A||yl+„'.2 < ||A - A||yl+„'.2 < 6o, 



and, since /' = g"' = 0, 

(u),-d(AdU) = inQi. 

In the following we will always assume that for sufficiently small eo, (15.31) holds and 
u is normalized to satisfy ||m||l2(Qj) < 1. We will find Wk 6 V{Q(0, ^)), k > 0, such that 
for all k>0. 



(Wk)t - d{Adwk) = 0, 



IIAw^l 



i"(e(o,-jVr)) 



< C'4 



7=0 



k(ii+4+la') 



■(2(0,^)) 



< C'4 



74-/:(a'-2) 



< 4" 



^2(2(0,^)) 



(5.4) 

(5.5) 
(5.6) 

(5.7) 



In the proof of (|5.4I) - (|5.6I) . C, C and eo denote various constants that depend only on 
parameters specified in the proposition. In particular, they are independent of k. C will be 
chosen first and will be large, then C (much larger that C), and finally 6o e (0, 1) (much 
smaller than l/CC). 

By Lemma |4~T1 we can find Wo 6 y(2(0, |)), such that 



with 



so 



and 



(wo\-d(Adwo) = 0, (x,t)eQ{0,-), 
II" - >vollv(e(o,i)) ^ 

1 y 

11" - >^ollL2(g(o,i)) < -Ce^, 

\\Wo\\lHQ(OM^ ll"llL2(e((a)) + II" - >^ollL2(g(o .)) < C(< C). 
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Recalling the definition of A, it follows from Corollary 13.1 ll that 



ll^woll 



^"(2(0,^)) 



i„ < C < C, ||AwolL~(g(o,i)) < C, WDDrWoW 



ii~(e(o,i)) 



< C. 



So far, we have verified (|54])-(|5JT) for k = 0. Suppose that (l54l)-(l5Jl) hold up to k(k> 0), 
we will prove them for k + 1 . Let 



Wk+i(x, t) 



k 1/ 



X t-\ 



4*:+l ' 42(*:+l) 



+ 1 



, X t -\ \ — —ix t -\ 

Ak^,{x, t)=A\ — , + 1 1 , Au^.ix, t)=A\ — , + 1 



1 / 



4^:+! ' 42(<:+l) 

X t-\ 



42(i+l) 



+ 1 



then Wk+i satisfies 

iWu^,)^ - d{Au^,dWk^,) = -dgt^u {X, t) € 2(0, 1). 
By simple calculation, using the fact that |2(0, 1)| = 1 and (15.31 ). we obtain 

>l/2 I _ 



k+\ - ^k+i 



llL2(e(o,i)) - ( T 
V Jo 



|A-Ar < 



4(A:+l)a' 



7||A-A||yW,2 < 



4(<:+l)ff' ' 



(5.8) 



(5.9) 



By Lemma |4~T1 there exists Vk+i 6 V(2(0, |)) such that 

-(V;t+i)j + 5 (Ai+i5vi+i) = 0, in 2(0, -), 



and 



Wk+\ - Vi:+l||y(g(o_l)) 

< c(||^^+i||l2(2(o,i)) + (^^^^) (llW^^+ilb(e(o,i)) + IIA^^+illL2(e(o,i))))- (5.10) 



In the following, we will estimate these three terms on the right hand side of (|5.10l) . 
Making a change of variable and using (|5.7I) . we first have 



l|W^yt+lllL2(e(0,l)) = 



'(y, s)dyds 



1/2 



(<:+l)(n+2) lt(K+4+2tt') 
< 4 2 4 2 



< 



c 



4(*:+l)(l+a') 



(5.11) 
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Further, we need to estimate the norm of gk+\ and Dtgk+i- In fact, by the induction 
hypothesis (|5.5I) and (|5.6I) . we have 



*:+lllL2(e(0,l)) < -^^WM+l -^*:+lllL2(e(0,l)) 



(5.12) 



and 



1 _ 

IIAg^+illL2(G(o,i)) < - AA;t+illL2(e(o,i))Xi<^''^''"' 

7=0 



1 - ^1 

+ 4lTrll^^-i -^^.illL^(e(o.i)) E • C'4-^-('^'-^). (5.13) 

7=0 



Recalling the definition of Ayt+i and A/.+1, and using the smoothness of A, we have 



(/ 

\-' 2(0,1) 



vl/2 ^ / 
< T 



< 



< 



2 
C 



I A(A - Al^dxdt 



V^e(o,^) 
rllAAII, 



1/2 



42(k+l) 

Therefore, combining these estimates with (15.91 ). (15.121 ) and (15.131 ). we have 

1 



II^A+lllL2(e(0,l)) ^ 



€0 4-' ^ CC'6o 



/^k+l 4{k+l)o' 4"' _ 1 - 4(/:+l)(l+Q'')' 



and 



CC 

IIAg<:+lllL2(e(0,l)) < ^3(^+1) • 

So substituting (15.111) . (15.141) and (15.151) into (15.101) . we have 



~ Vk+i\\v(Q(o,^)) - niax{6Q,6o} • 



1 



+ l)(l+a') - 



and 



(5.14) 



(5.15) 



(5.16) 



\\Vk+l\\L2(Q(0,^)) ^ Wk+l -Vk+l\\LHQ(Q,\)) + ll^<:+lllL2(e(0. 

y CC C 



< 



Let 



Wk. 



^i(x, = v,^i (4'^'xA"-^'^'\t - 1) + l) , {X, t) e 2(0, — ) 
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A change of variables yields (15.41) . and 

ll>^A-+illL2(e(o,^)) 

|v^+iP(4*+'jc,42(*^+^)(?- 1) + l)dxdt 



'I 

[Joe 



'2(0. 5Tl) 
|^4-(<:+l)(«+2) 

1 



1/2 



r 



|v/t+iP(y, s)dyds 



1/2 



- , (;t+l)(„+2) ll^fc+illL2(e(o,i)) 
4 — 2 — 

(*:+l)(n+4+2ff') 

< C'4 ^ , 



that is, (15.51) is obtained for A: + 1; 



k+i 



^-(k+l)(n+2) r 



- Vk+i\^ {x, t) dxdt 



1/2 



1 



- . (t-H)(„+2) -"^'*:+lIlt2(e(0,i)) 

4 — 2 — 

(lt+l)(n+4+2tt') 

< 4 2 , 



that is, (15771) holds for A: + 1 . 

Combining the above and Corollary 13.1 11 we have 



ll^Vi+i 11^00(2(0,1)) ^ C||v^+i 11^2(2(0,1)) < -T^ 



2C 



4(*:+l)(l+(j-')' 



IIAV;:+llL»(e(Oi)) ^ C||V«:+1 11^2(2(0 1)) < T7^ 



2C 



and 



4tf:+l)(l+ff')' 

2C 



||DAVA:+1 11^00(2(0,1)) < C||V/,+ i 11^2(2(0,1)) < ^i)(i+„,)- 

By a change of variables, we have 

C C 

ll^Wi^+i 11^00(2(0,^)) < 4(ITTj^' II 1^00(2(0, _^)) < 4(;t+ !)(„,_ 



and 



C 

||DAw,+i 11^00(2(0,^)) < 4(,+i)(„,_2)- 



Estimates (15.51) and (15.61) for + 1 follow from the above estimates. Thus we have estab- 
lished (iMb-dSa for all k. 



33 



An easy consequence of (15.51) and (15.61) . we have 



\\Wk{-,t)\\L'-(O(0.^)) ^ 



C 



For \x\ < tJh- and 1 - -72^ < t < \, using (|5.6I) and (15.171) . we have 



(5.17) 



k 



< C 



k 



j=0 j=0 j=0 j=0 j=k+l 

II k ^ 

yj£L + y 

Z_i 4;q'' Z_i 47(0''- 1) 



11 



\j=Q 
( k 



< c 



k 



+ 



CO ^ 

c y — 

Zj 47(1+«') 



j=k+l 



V 7=0 j=0 

< c [\x\ + Vli + cr*'- 



+ C4 



-ytCl+Q-') 



Then 

;=o 7=0 
So, in view of (15.71) . we have 



< 



C 



a-_^w/0,l) 



7=0 



^2(6(0,^)) 



< 



< 



7=0 

C 



+ 



^2(2(0,^)) 



^vv,_;^w,.(0,l) 

7=0 7=0 



^2(2(0,^)) 



. t(«+4) • 
4 — 



(5.18) 



Thus, after sending ^ oo, 

00 

M(0, 1) = w/0, 1). 

7=0 

The estimate of |m(0, 1)| in (15.21) is established. By Taylor expansion, 
u{x,t) - u(0, 1) = V,,m(0, 1) ■ x + 0(|jcp + |1 - t\). 
Using (15.181) and (I5.19L we have 

||V,m(0, 1) • x||i2(e(o,_L_)) < I|m - u(0, 1)11^2(2(0,^)) + C\\x^ + |1 - 



(5.19) 



1^2(2(0,^)) 



< 



C 



t(n+4) • 
4 — 



(5.20) 
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Let e - ^-"("-'^ then 

~ |V,»(0,1)|' 



|V;cM(0, 1) • xf^dxdt 



1/2 



> 



^ |^|VvM(0, 1)| • JjcJ? 



(^,062(0,^) 



> -|V,i<(0, 1)1 



1/2 



(// 

W-'e 



Ixl dxdt 



2(0,^) 



1/2 



|V.^<(0, 1)1 1 
C 4^ 



(5.21) 



Combining (15.201 ) and (15.211 ). it implies that 

|Vm(0, 1)1 < C. 



Estimate (15.21) is established. We have completed the proof of Proposition 15.11 for /' = 
g"' = 0. For the general case, by the method used in Proposition 5.3 in U7L suppose 



MltHno + II/IIl"(£1i) + max ||^|lc.,0(n, 

1 < HJ< /+ 1 



x(0,l)) - 1' 



we can obtain the same assertion. We leave the details to the interested readers. 



□ 



6 Holder Estimates of the Gradient 

Theorem 11.11 can be deduced from the following Proposition. We use the notation of 
Section |5l 

Proposition 6.1. Let A be as in Section\5\ and let u e V(Q.i) be a solution of 

(u'),- D^(A"f{x,t)DpU^^ = in Qj. (6.1) 

Then for all x e D,,,^ n ^co, 

\Vu(x,l)-Vu(0,l)\< C|Mb(n,)kr', 

where a' < min{//, 2(\+a) ^' ^"'^ ^ depends only on n, N, I, a, e, A, A2, fJ., the C^'" norm of 
a>m and II^IIc' Hd^xlo.t])- 



35 



6.1 Beginning of the proof of Proposition [63 



As explained in Section[5]we may assume without loss of generality that 

\\u\\LH(ii)<l and ||A-A||y, +a',2 S 6"0, 

where 60 is the small constant in Section [51 To prove the C^'" estimate, we slightly 
strengthen (I5.4I) - (I5.7I) . Namely, we show that we can find {w*:}^q in V(Q(0, ■^)) such 
that for k >0,wi, satisfy, in addition to (I5.4I) -(I5.7I). for any 1 - ^^Ittt < t<l, 

k+i 



{k+l){n+2+2a') 

< 4 2 . 



(6.2) 



and 



I (((j,„n-jf^(j)x(i-^j^,i)) 



(6.3) 



These estimates will be used in the proof of Proposition 16. II 



Proof of (|6.2I) and (16.31) . We will prove those {w/tl^o' found in Proposition 15. 1[ also sat- 
isfy and (l63l) . First, for A: = 0, by Lemma 14711 we can find wq e V{Q{0, |)), such 
that 

(wo), - d (Adwo) = 0, (x, t) e 2(0, \\ 



with 



and by Corollary 13.111 we have 



I" - wollv(e(o ')) < Cel, 



l^'vvoll 



^-"(6(0,^)) 



< C||WollL2(g(o 1)) < C < C. 



Suppose that (|54l) -(l5Jl). (lOI) and (lO) hold up io k{k> 0), we will prove them for + 1 . 
Let 



Ak^i{x,t) =A 



Zl X t - I 

7=0 ) ^ 



+ 1 , 



t- 1 



4^+1 ' 42(«:+l) 



+ 1 , A^+i(x,0=A 



1 - i 

gM{x, t) = -— - Ai+i) {x, t) dwj 

j=0 \ 



X t-l 
41+1' 42(FrT) 

t-l 



+ 1 



4^+1 ' 42(i+i) 



+ 1 . 



then satisfies 

(W.^iX - d(A,^idWt^,) = -dgt^u {X, t) 6 2(0, 1). 
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There exists vt+i 6 V{Q{0, |)) such that 



with 



2 

-(Vk+i)t + d{Ak+idvk+i) = 0, in 2(0, -), 

\\Wk+i - Vk+i\\v(Q(oA,)) 
< C {\\gk+i\\LHQ{o,\)) + (^-^^^^^ (llW^-t+illL2(e(o,i)) + IIA^^+iIIl^ 



-(2(0,1)) 



< CC max{6^, 60} • ^ 



1 



1)(1+Q-')' 



and 



lln+illL2(e(o,i)) ^ max{6,;,6o} • ^ 



CC 



+ 



c 



+ l)(l+a') 4(/t+l)(l+a') 



Let 



t) = 4'-''^'\t - 1) + 1) , (X, t) 6 2(0, — ). 



Then we have, for 1 



1 

42(A:+2) 



< r < 1 



u{x, t) - ^ w/x, r) 



2 n1/2 

dx 



xl/2 



■||W^;t+i-v,^ill 



ne(o,i)) 



(t+l)(ii+2+2g') 

< 4 2 . 



Similar as the proof of (|5.51 ) and (I5.6I ). in view of Corollary I3.11[ we have 

2 2C 

11^ n+illL"(e(o,i)) ^ C||v^+i 11^2(2(0,1)) < ^(iTTxTT^Tj- 

By a change of variables, we have (|6.3I) . □ 

Similarly as in [fT6l . associated with a'^™^ := AL,^x(o,r)' we introduce a linear transfor- 
mation A^('") : R"^ ^ R"^ as follow: For b = (b'J eW^ (I < a < n,l < i < N), 



l<a<n-\,\<i<N 
l<i<N. 



-{m)nn 



Since (A,-^ ) is a positive definite NxN matrix with eigenvalues in [A, Aq] , it is clear that 
^("i) invertible and 

||^">||j|(^(".))-i|| < c{n,N,A,Ao). (6.4) 
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We also define linear transformations T^-'"^ : R."'^ R"^ by setting 
Lemma 6.2. 

oo 

VuiO, 1) = ^ Vw/0, 1), 
and for x e {^^co n a»,„) \ ^^c^;, 



2vwXx,i)-_^r('")Vw/o,i) 

7=0 ;=0 



< C|;cr . 



Proo/ We first prove (I6.5I ). For ^Frr*^ c <x»„,g, it follows from (|6.3I) that 

\wj{x, 1) - [w,(0, 1) + Vw,(0, 1)^]| < A^^'~"M\ j<k,xe ^oj. 
This, and (|6.2I) . yield 

1) - J] 1) + Vw/0, \)x 



< 



u(x, 1) - ^ w/x, 1) 



7=0 



+ 



k 

^ [w/x, 1) + w/0, 1) + Vw/0, \)x] 

7=0 



(6.5) 



(6.6) 



;=o 

A:(n+2) 

< C4- — . 



(6.7) 



From (|5.17l) and (|5.5I ). we know that 2°lo w'/O' 1) ^^d ^1^7(0^ 1) are convergent and 

w,(U,l) < C-} 



(6.8) 



;=o 7=0 



< C 



1 

4 to' ' 



Combining (16771) . (lOI) and (|6^ . we have 



u(x, 1) 



^w/0,l) + _^VwXO,l)x 



7=0 



7=0 



< 



c 



(6.9) 
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Equation (|6.5I) follows from the above. 

Next we prove (I6.6I ). The matching condition of wj at Xn = c^-i is, for all x' e 



V 9 ' 9 / ' 



A^C^^Vwf (/,c„_i, 1) = A^('"-i)Vwf-'\/,c^_i, 1), 



(6.10) 



where wf\; 1) = w/-, 1)L,„. 

For m = mo, (|6.6I) follows from (16.31 ). We will only show (16.61) for m > mo + 1 since 
the proof is the same for m < mo - 1. For x = (jc', x„) 6 -^to n a»,„ \ -^o), m> mo + 1, 
we have 



^|Vwf(;c,l)-r«Vw,(0,l) 
< \^w'f{x, 1) - Vwf (0', c^-i, 1)| + J] |Vwf (0', c^_i, 1) - r('")Vwy(0, 1) 

7=0 7=0 

BvdO). 

Vwf (X, 1) - Vwf (0', c„,_i, 1)| < CAi''-''\\x'\ + xn- Cm-,) < CA'''-"'\x\. 
By (Q, (lOOl) . and (lO) . 

|v>vf(0',c,„_i,i)-r('")Vw/o,i)| 

< C lA^e^^Vwf \0', c„,_i, 1) - A^e^o^Vwf "^0, 1)| 

<C ^ |A^®Vwf(0',c,_i,l)-A^('-i)Vwfi\0',c,.2,l)| 

i=mo+2 

+ C \N^'"^^^'^Vwf'^'\0' , c^„, 1) - A^('"«)VwJ'"(0, 1)| 

m 

<C 2 |iV('-->)Vwf'\0',c,-_i,l)-A^<'--')VwfV,c,-2,l)| 

(=mo+2 

+ C |A^('"'')Vwf "^0', c,„„, 1) - A^e^o^VwJ^^O, 1)| 



< C 



V(=mo+2 



It follows that 



|Vwf\x, 1) - r^'^Vw/0, 1)1 < C4'^<i-"'Vl < CA\xf. 

7=0 



Estimate (16.61) is established; so is Lemma [6^ 



39 



Lemma 6.3. Let x be on the and X + a\x\LO c (Z)„,+i n a),ti+i)for some a > 0. Then 



< CiaM" , y ex + -\x\co. 



(6.11) 



where k satisfies A ^'^^^^ < |x| < 4 consequently, 

\Vuiy, 1) - Vm(z, 1)1 < C{a)\x\"\ y,zex+ ^\x\oj. 

Proof. Let 

k 

v(y, t) = u{x + a\x\y, (a\x\f(t - 1) + l) - ^ Wj [x + a\x\y, {a\x\f'{t - 1) + 1 j . 



(6.12) 



y £ O). 



7=0 



Then w satisfies the following systems 

w,- d{A{x + a\x\-,{a\x\f{t - 1) + l^dw^ = dg incoxiO, 1), 

where 

k 

■g = -a\x\ J] U^'"^'^ (x + a\x\y, (a\x\f(t - 1) + l) 
j=o 

- A^'"+'^ (O', c^, (a\x\f{t - 1) + l) ) • dwj (x + a\x\y, {a\x\f{t - 1) + l) , 

with A""^%,{a\x\)\t - 1) + 1) := A(;{a\x\fit - 1) + 1)Id,„„x(o,i). Since x + a\x\co 6 
(Dm+i n a>,„+i), the C''((x>)-seminorm of A^'"'^^\x + a\x\-, (a\x\)^{t - 1) + 1) is bounded by 
C(a)\x\r Thus, by and (l63l) . 

IfillcM < C(a)|xr^^ 
We also deduced from (|6.2I) that, for 1 - < ? < 1 , 

IR-,OIIl^m< Wl^r'^ 

By the Schauder theory, 

\\Vw(; 1)IL.(.,) < C(a)|^r''' 
Estimate (16.1 II) follows from the above. Estimate (|6.12l ) follows from (|6.1 II ) and (|6.3I) . □ 



6.2 Completion of the Proof of Proposition [62 



For some small ri, depending only on the parameters specified in Proposition 16.11 if x 
satisfies > ri, the desired estimate in Proposition 16. 1 1 follows from the gradient esti- 
mates in Proposition 15.11 So we always assume that x e D,,,^ \ {0} and \x\ < ri. In the 
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< 



following we repeatedly use the smallness of \x\. We select an x as follows. If > SO\x\, 
set X = (0', I0\x\) (and m = mo), otherwise let m > mo + 1 be the smallest index for which 
Cm+i - Cm > SOUl, and set x = (0',c„, + 10|x|). Clearly, 10|jc| < \x\ < 100(/ + l)\x\ and 
X + a\x\a) c Dm+i n oj^+i, with a = 8. With this choice of x, let k satisfy <\x\ < 
Then by (l631) (l6T6l) and (16.111) . we have 

|Vm(x, 1) - r('")VM(0, i)| 

Vm(.^, 1) - Vwj{x, 1) + ^^i^-^' 1) - Z ^^'"^'^^/O' 1) 

7=0 y=o 7=0 

< C\xf < C\x\"'. (6.13) 

Let z be on either the graph of f^^ or /^o+i , so that the distance of x to z is the least distance 
of X to the union of graphs of {/}. Let L be the line passing through z that is normal to 
this graph. Clearly x e L. Let z^^^ denote the intersection of L with the graph of for 
mo < j < m + 1. Using the smallness of \x\ and the C"' property of {/}, it is not difficult 
to see that 

\z^j^ - (0',/,(0'))| < 4\x\, mo<j< m, (6.14) 

and 



Jm+l) 



-,(m)\ 



> AO\x\. 



Here m is as defined before, and we have used the fact that the point (0',/„,(,(0')) is the 
projection of the origin onto the graph of the function /„,(,. The same argument shows that 
we can find z on the segment determined by z^™^ and z^'"'^^^ with |z - z*^™^! = I0\x\ such that 

\Vu(z, 1) - f'"'^Vu(x, 1)1 < C\xf 

where the {T^'"^} are defined in the natural way. Due to (16.141 ) and the Holder continuity 
of A^^\ we have 



(6.15) 



so 

|Vm(z, 1) - r('")VM(x, 1)1 < c\xf. 

It is easy to see, by the smallness of ri and Holder continuity of {V/^}, that 

\x-z\<2\x\. 

By 

\Vu{x, 1) - Vm(z, 1)1 < Qxf < Qxf. 
A combination of (16.131) . (16.151 ). (16.161 ) and (|64l) yields 

|Vm(-«, 1) - Vm(0, 1)1 < C\T'-"'\Vuix, 1) - Vm(0, 1)]| < C\x\"' . 

Proposition l6.1l is established. 

Similarly, we can prove the following more general proposition; we leave the details 
to the interested reader. 



(6.16) 
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Proposition 6.4. Let A be as in Section^ and let u 6 V{Q.\) be a solution of 
{u'\-D,(A".^{x,t)Dpui^ = -D^g"' + f in a,. 



Then for all x e D^^ n ^a», 



\Vuix, 1) - m(0, 1)1 < C\\\u\\ii(ii^) + ||/||L»(nr) + max ll^llc-'.0(73;;;x[o,r]) I l-^l"'' 

\ \<m<L I 

where a' < min{//, jif^^' '^^^ ^ depends only on n, N, I, a, e, A, Aq,//, ll^llc"'.icii;;;x[o,7-]) 
the C^'" norm ofcOm- 



6.3 Proof of Theorem O 



Here, for simplicity, we still only treat the case /' = g"' = 0. 



Proof of TheoremUJl Since AT 6 Cf'''{D,„ x [0, T]), applying D, to dHJ) and denoting 
V = Ut, then we have 

(v%-D,{A';fix,t)D^vJ^ = D„(DrA';fix,t)D^u^^ in Qt. (6.17) 

Since A, 6 C^-^^H^m x [0, T]) and 5m 6 C"''\{D, n D^) x {eT, T)), it follows that A,du e 
C"''^((D, n An) X (eT, T)). Then for I = 1, apply Theorem Oto (I6l7]) . and in view of 
Lemma [X8l we have, for any < e < ^ and a' < min{//, j^r^)}^ 

l|v||L~(D,x(er,r)) + WDMlt-^iD^xi^TJ)) + ll^^^llc«'.''((D,nD„)x(er,r)) 

< C^||v||i2(o^x(fr,r)) + j^^^^li^f^"llc«'«((D.nA„)x[fr,T])) 

< C^||M,|i^,2(£,,x(f7-,r)) + max^||Z)a||(;.„'.0(o^p,^^^)x[4r,T])) 

< C||m|L2(2^), (6.18) 

where C depends only on n, N, L, a, e, X, A2, /i, 7'»II^IIc"'-2('d„,x[o ri) and the C'-"" norm of D,„. 
Estimate (11.81) for / = 1 is proved. To prove (11.81 ) for / = 2, we apply Lemma [X8] to (16.171) 
to obtain 

\\Vt\\L^(De^x(^T,T)) 

< C^\\v\\L2(Dex(^Tj)) + \\(D,A)Vu\\l2(d,x(^tj)) + \\Dt[(dtA)Vu] ||L2(D|X(f r.r))) ' 
where C depends only onn,N,6,A,A2,T. Since 

Dt [(DA) Vu] = {DttA)Vu + {DtA)Dt{Vu) 
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it follows, from Lemma 1377] and Lemma IX8l that 

ll(AA)Vv|L 

< c||Vv|L2(^ 

jX(fr,T)) 

< C^\\v\\l2(o,x(IT,T)) + \\iD,A)Vu\\LHD^x(ITJ))^ 
^ C (\\Ut\\Li(D,x(§T,T)) + l|VM||L2(Z)|X(fr,r))j 

< C ||m||l2(q^), 

where C depends only on n, N, e. A, A2, T. Thus we have shown 

WVtWtHD^xqTJ)) ^ C (\\Ut\\L2(D,x(^T,T)) + 1 1 ^"1 Il2(D| x(f 7,7)) + ll"llL2(er)) 

< C||M|L2(g^), (6.19) 

where C depends only on n, N, e. A, A4, T. 

Apply Dt to (16.171) and write w = v,(= w,,), we have 

(w'), - = D^i^DnA^-^Dpu^ + IDA-fO/^vj^ in ■ (6.20) 

Apply Theorem 1 1.1 1 to (16.201 ). and in combination with (16.181 ) and (16.191 ). we have, for any 
< 6 < ^ and a' < min{yu, 2(n:^}> 

\\w\\L'^(D,x(eT,T)) + \\DxW\\l«(D,x(<;T,T)) + W^xMlc'-O^^D^nDMeTJ)) 

< C^\\w\\l2(o,x{^t,t)) + max^^||A„Z)M||c.'.0((o,nA„)x[fr,r]) + ll^'^^llc"'0((Z).nD,„)x[f r,r]))) 

< C'|||v,||i2(£,^x(fr,7-)) + j^^^^(ll^"llc«'0(D|nA„)x[fr,r]) + ll-^^llc«'''((DEnA„)x[f r,r]))) 

< C||M||z.2(g^), 

where C depends only on n,N,L,a,e,A,A4.,i^,T,\\A\\^„i,3(j)^^^y^^Qj-^^ and the C^''' norm of 
D„,. Estimate (11.81) for / = 2 is proved. For general k and I > 2, repeating this process by 
induction, we proved Theorem 11. 21 □ 

7 Appendix 

Let o) c R." be a bounded open set with Lipschitz boundary dco. For < A < A < 
00, T > 0, £^ {A, A) denotes the class of measurable vector- valued functions {A"^{x, t)) 
satisfying (fTH) and (fT3] ). with Aq = A and 2r = a* x (0, T). Consider, for T > 0, 
g 6 L2(a> X (0, T), R^) and / 6 L^{0, T, L^{co, R^)), 

U- dxMifix, t)dx^uJ) = dxMz) + f{z) in cox (0, T), V /, 

|m = on {do) X (0, r)) U (oj X {0}). 

In the following we use notation 2* = ^ if n > 3, 2* = 00 if n = 1, 2. 
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Theorem 7.1. For n > 1, > 1, < /I < A < oo, r > 0, and A e £/(A, A), let 

o 

u € V{co X (0, T), R^)) be a weak solution of (|7.1I) . Then there exists a 2 < po < 2*, 
depending only on n,N,A and A, such that if p & [2,Po), g e L'^{a) x (0, T),R^) and 
f e LP(0, T, L\co, R^)), then u e 1^(0, T, W^/{co, R^)). Moreover, 

[ f (\u\P + \Vu\Adxdt< cl [ ( r \ffdxYdt+ [ f Igfdxdt 

Jo ^ ' \ Jo ^Jw ' Jo Jco 

where C depends only on A, A, n, N, o) and T. 

Remark 7.1. The above theorem was proved by Campanato in ^ for strongly parabolic 
systems, i.e., under 

A\^f < A';f(x, t)eji < A\^\\ e R"^. (7.2) 

The method in |l6l does not apply under the weaker hypotheses (|1.2|) and (|1.3|) . 
We introduce some standard notations: 

B]f{xo) = {xeR" : \x - Xo\ < R}, 

Zo = (Xo, to), Qr{zo) = Br(Xo) X (to - R^, to). 



JQr{zo) \UrKZo)\ jQif(zo) 



When no confusion may arise, we shall omit xo and zo in the notations. In the following 
we use Q to denote some parabolic cube, i.e. for some (^o, Iq) e R"^^ and ^ > 0, 

Q = {(x, t) e R"+^ : Iq-R^ <t < to, \xi - Xoi\ < ^, z = 1, 2, ■ • ■ , nj . 



7.1 Theorem \TA\ when / = 



In this subsection we prove Theorem 17 . 1 1 when / = 0. The proof relies on the following 
result that can be proved exactly the same way as for the analogous elliptic one in [fTTll 
[see Proposition 1.1 in Chapter V there] by simply changing Euclidean cubes to parabolic 
cubes. For 6 > small, the elliptic one was proved in fV2\. 

Proposition 7.2. Let Q be a parabolic cube, q > I, Q < 6 < \, and let h, H be two 

nonnegative functions in U{Q). Suppose 

-f h''dz<bl-f hd^ + -f H^dz + e-f h^dz, 
Je«(zo) \Je«(zo) / Je«(zo) Je«(zo) 

for every Q4r(,Zo) c Q. Then there exist constants e > and C > 0, depending only on 
b, q, 6, n and \ Q\, such that for all p e {q, q + e) and all Qar{zo) c Q, 

if hPd^'<c[( /z^Jzj'+f-f HPd^' . 
\Je«(zo) / l\Je4«(zo) / \Je4«(zo) / , 
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This result was used in fl3\ to derive partial regularity of solutions of some nonlinear 



parabolic systems satisfying strongly elliptic condition (I7.2|) . We first establish interior 
estimates in Theorem 17 . 1 1 when / = 0. 

Proposition 7.3. Under the hypotheses of Theorem \7.1\ with f = 0, there exists 2 < po < 
2*, depending only on n, N, A and A, such that for any Qsr c cox (0, T), and 2 < p < po, 
we have ^ 

-f \Vufdz<c(-f |VMp]' + -f \g\Pdz, (7.3) 

JQr \JQ4R I Jqar 

where C depends only onn,N, A, and A. 

Letx(x) be a function in C~(52(xo)) such that < x < '^,X = Bi(xq) and \Vx\ < 2. 
We denote 

andletr2«6C~([^o-(2i^)^^o]), 



R 



< T2« < 1 , T2R = 1 on [?o - R^, tol T2R = on [to - {2Rf, to - {-Rfl 
and they satisfy 

We note that ^ 

I /^2R = I x\ I x\r = -^A X^- (V.4) 

JBir ^ JB2r ^ JB2 

Define the weighted means of u{x, t) in B2r{xo) as 

m(0 := Mro,2i?(0 = —7 7—— ■ 



Lemma 7.4. Let A e £/(A, A) anJ let u e V{co x (0, T), R^)) Z?^ a weak solution of (17771) 
wzY/j / = 0. Then for all Qjr c 2, we /zave 

sup r |m - M2Rp^;?X + r IVMpJz < r la - M2Rp^2 ^ 1 1^'^^^' ^'^•^^ 
tt)-RHt<tQJBR JQr ^ Jq2r Jq2r 

where C depends only on n,N, A, and A 

Proof. Let zo = (xo, k) £ Q, and Q2r(zo) c Q. By the definition of weak solutions, we 



test (17711) with 

(p = (uh- Uhjrj^, 

where t] = t]2r= Xir'^ir, 

Y pt+h 

Uh(x,t) := — I u(x,s)ds, for < /z < i?^, (7.6) 
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and 



u(x, t) = < 



u(x, t), t >t, 

u(x, t), to - (2Rf <t <T, 

u(x, to - (2Rf), t<to- (2Rf. 



Then we have, for re [to- R^, to] 



J{u(p){-,to)dx - I I uiffdxdt + I j A^^DjjU-'DaCp'dxdt 

B2R Jf0-(2R)2 JB2R Jto-(lRf JB2R 

= I I g"'D„<pdxdt. 

Jfn-(2R)2 Jbor 



(7.7) 



/fo-(2R)2 JB2R 

By our choice of the test function, we know that the term 



I ( (uh-Uh)x^dx\{dtu)Tlgdt = 0. 

Jf0-(2R)2 \Jb2r I 



It follows that 



£1 udt ((uh - Uh)rf) dxdt = I (u(uh - UhW) (x, T)dx. 
.„ (IRf Jb2r Jb2r 



Then we have 



J I utptdxdt = I I udt U Uh - Uhjrf) dxdt 

to-(2Rf JB2R Jto-{lRf JB2R 

= 1 I {u-u)dt Uuh - Uh) rf) dxdt + I - UhW) (x, T)d. 

Jto-(2Rf JB2r JB2r 

-f [ 

Jto-(2Rf JB: 



(u - u) (uh - Uh)i rj dxdt 



+ 



J I {u-u){uh-Uh)[dt[rr))dxdt+ \ (m( )if){x,T)dx. (7.8) 



First, we will show that 



lim I I (m - m) (Mft - M/i); rfdxdt 

= ^ r ((M-M)'?7')(^,T)rf;c-^ r r ((M-M)2 5,(772))(x,r)Jx (7.9) 



46 



By the definition of Uh, (17.61) . we have, for < /z < ^, 



I I (u - u) (Uf, - Uh)t rfdxdt 

J?0-(2i?)2 JB2r 



= — ^ (u- uj(x, t)^u - uj(x, t + h) - (u - uY^, t - h)^rj^(x, t)dxdt 

= — 1 1 {(u - u)(x, t)(u - u)(x, t + h)T]^(x, t + h) 

-(u - uj(x, t)(u - ^{x, t - h)if{x, t)^dxdt 
+ — ^ ^ {u - u^{x, t)[u - u^{x, t + h) ^rj^{x, t) - rfix, t + dxdt 

= — I I iu - u\{x, t - h)iu - u\{x, T)7f(x, t)dxdt 

+ — 1 1 iu - U\{x, t){u - u\{x, t + h) [rf'ix, t) - rf'ix, t + h))\ dxdt 



h + II/, 



Clearly, 



and 



limll/, = r ( {u- uf' dt{T?\dxdt, 
llh - I ((w - ufrf^ {x, T)dx 

JB2r 

1 r^'' r 2 

< - I I \(u - u)(x, t - h) - (u - u)(x, t)| \u - u\ (x, t)?7 dxdt 
h Jt Jb2r 

C(R) r^'' 2 

< —j— J \\u(; t-h)- Ui; T)||i2(^) • || (m - m) (.^, t)J] (x, t)||z,2(^)J? 



as h^O. 



For the last step above, we have used the fact that u e V^-'^ico x (0, T)), see Lemma f2A\ 
(the conclusion and its proof are valid under our hypothese). Thus we obtain (17.91) . Again, 
using u e V^''^{to x (0, T)), we have 



lim r 

'^'Jb2r 



\u - Uhf{x, t) = 0, and lim 



^" Jto-(2Ry- Jb2r 



\u - Uh?' dxdt = 0. 



It follows that 



lim I \(u - m) - (m/, - Uh)\^(x, t) = 0, 

JB2R 
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and 

lim 

Then we have 



That is, 



and 



n I 1 \(u - u) - (Uh - Uf,)f dxdt = 0. 

lim I U((u - U) - (Uf, - Uh)) rfix, t) = 0, 
lim I I {u - u)\{u - u) - {uh- Ui^\d,{if]dxdt = 0. 

lim I u(uh - Uh)rf(x,T)dx = I u(u - u)rf(x,T)dx, (7.10) 

J B2R J B2R 



lim j I (u - u)(uh - Uh) dtiifjdxdt = I I (u - u)^ dtlifjdxdt. (7.11) 

By dTll), (ITIB and (ITHT) . we have from (TO . 

lim r r uiptdxdt = T u{u-u) {x, r)Tf{x, T)dx + ;^ T {u-uf {x, t)t]^(x, T)dx 

+ ^ r r {u-ufdtU-)dxdt. (7.12) 
Since ||m/, - m||v(22r) ^ as ^ 0, it follows that 
lim r r A'^fD/sujDa(p'dxdt= [ [ A^^Dpiu - uy Da\{u - u)rf]dxdt, 

Jto-(2R)^ JB2r Jto-{2R)^JB2R 

(7.13) 

and 

lim r r g"D^(p= f f g"DJ(u-u)Ti^]dxdt. (7.14) 

''^O Jfo-(2R)2 Jb2r Jto-(2Rf- Jb2r 

Then sending /? ^ in ^HJ]) . from (TTTTII ). (I77T3]) and (l7T4l) . we have 

- r (m - w)^ (jc, t)77^(x, t)Jx + r r A".jDp {u - uy Daliu- u) rf] dxdt 

2 JB2r JtQ-(2Rf JB2r 

= I I (^"Dq.[(m - M)77^1)(ixJf + I I {u-uf d,{rf-\dxdt. 

Jto-{2R)^ JBir Jfo-(2R)2 Jb2r 

By the Cauchy inequality, for any e > 0, 

JtQ-(2R? Jb2r 

-if [ k[(M - M)?7lP^i?xJr + C(6) r \g\^dz. 
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By a simply computation, we have 

£r (m - u)^ dt (rf) dxdt < — \ \ \u- u^dxdt. 



and 



lto-{2Rr JB2R " ^to-ilRV JB2R 

J I A"fDp (u - uy Da\{u- u) rf \ dxdt 
fo-(2R)2 JBiR 

= r r AffD/jf(M-My?7lD„f(M-My77ljjcJf 

f f A"f\iD^T]) (u - uy ]dJ (u - uy T]\dxdt 

Jto-(2R)^ Jb2r 

+ 1 r A"fD/3\iu-UyTj\\{Dc,T])(u-Uy]dxdt 

Jta-(2R)^ Jb2r 

f [ A';f\iD0)(u-uy]\(D,i^)(u-uy]dxdt. 



lto-{2RV JB2R 

Then by the Cauchy inequality again and (11.21 ). we have 

- 1 (m - uy (x, T)rf'{x, T)dx + r r A|/fDy3f (u - uy //IaJ (u - U) 77I dxdt 

2 Jb2r Jto-ilR)^ JB2r 

<6 r r |v[(m - i/)??]! dxdt+^^ r r iM-Mpjxj?+c(e) r i^p^z. 

Therefore, by the weak parabolic condition (|1.3t . taking 6 = |, we have 

where C depends only on n, N, A and A. The proof of Lemma l74l is completed. □ 
Proof of Proposition \7.3\ Using property (I7.41 ). we have 

I \U - U2R? ^ C \ \U- M4Rp, 

JB2r 'JB2r 

where C depends only on n. From Lemma l74l with R replaced by 2R, for to - {2Ry < t < 
to, 

f \u-U4R\^dx<^ f \u-U4R\'^dz+ f Igl^dz. (7.15) 

Jb2r ^ JQar JQ4R 
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By Holder inequality, Poincare inequality and (17.151) . we have 

B2R \Jb2r I \JB2r I 

2 

< c( r IVmI^jJi^ r \u-U4R\^dz+ f \g\^dz]' 

\Jb2r I \^ JQar JQar I 

2 

< c( r ivmi^jx)( r ivm|2jz+ r i^pjz]"' (7.16) 

\-JB2R IXJQar JQ4R I 

Integrating over t leads to, for every 6 > 0, 

2 

JJQ2R \Jq2R }\JQar Jq^R I 

n+2 

<6|J^ (|Vi<|2 + |gp)jzj+£|j^ IVMl^Jzj". 

Using (|7.5I) . we have 

JQ2R ^ JQir JQ2R 

n+2 



Taking 6 > such that ^ = ^, we have 

2 4 J 4+(n+4)ii (ii+2)^ 

6"^?"+^ = Ci?"+"+^ = CR^- = CR—. 

So 

n+2 

-f |VMpJz<^-f |VMpJz + C|-f IVwI^Jzl" +C-f \gfdz. 

JQr 2 Jg^^ \Jq4R I JQ4R 

Then taking h = \Vu\'^, q = '-^ and H = \g\'^, we obtain, in view of Proposition 17.21 
(17.31) and have proved Proposition 17.31 □ 

Given the interior estimates Proposition 17.31 we now only need to establish boundary 
estimates analogous to (|7.31) . 

The completion of the proof of Theorem 17.11 when / = 0. Since do) is Lipschitz con- 
tinuous, there exists ^ > such that for all x 6 dto, dco n Bji(x) is the graph of a Lipschitz 
function with controlled Lipschitz constant. In view of Proposition 17.31 we only need to 
establish (1731) for all Q4r(zo) with tQ<T,0 <R< ^R. Note that we allow Q.t \ Qar 0, 
and here u and g have been extended as zero outside fir := a> x (0, T). 

There are three cases: Case 1, where BiJxq)C\(x)^ = 0, can be seen as the interior case, 

2 

and has been settled; Case 2, where Bij^{xq) c co'^, is trivial; We only need to consider 
Case 3, where Bij^{xo) n do)'^ ^ 0. 
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For Case 3, in order to prove (|7.31 l in := 24r(zo) H Qj-, we need only to replace 
Uxo,2R(t) by 



JB7R{xa)f\a>^2R^ ' 



and let;f(;c) be a function in C"(52(xo)) such that ^ <x <^,X=^'^'^ BAx\)) and \^x\ ^ 4, 
take 

satisfying |V;^f2Rl ^ Then by the same way, we could obtain the estimate (17.31) . The 
choice of R and ball B2r{xq) guarantees the validity of the Sobolev inequality used in 
(1131). 

It follows that for some p > 2, the norm of |Vm| is controlled by the norm of |Vm1 
and the norm of g. On the other hand, we know that the norm of Vu is controlled 
by the norm of g. Therefore we have shown that, for some p > 2, 

f \Vu\''dz< C [ \g\Pdz. (7.17) 
Jnr Jar 



7.2 Completion of the Proof of Theorem UA 



In order to complete the proof of Theorem 17. II we need the following Lemma. 

Lemma 7.5. Under the condition of Theorem \7.1\ with g = 0, and let po be as in Proposi- 
tion^ Then for all2< p < po, f e LP{Q, T, L^{oj, R^)), we have u 6 L/'CQr) and 



r \vu\Pdxdt < c r ( r \ffdx] 

Jsij Jo \jcj I 



where C depends only on n, N, A, A and oj. 
Proof. Let U be the solution of 



U € Hl{io, R^) n H^{a), R^), -At/' = /. 

It is known that 

llf/llw2.2M ^ C\\f\\L^{wM.^), 
where C depends only on n, N and co, and by the imbedding theorems with respect to x, 

iDf/rjx<ciif/ii;,,^^^<cii/ir,,^^^^.^ (7.18) 



Then the weak solution of (17.11) with g = 0, u, satisfies, for a.e. r 6 (0, T) and for all 

1,: 

2 



J(u(p){-,T)dx - I {A^^dpu^da^' - uip^dxdt = \ daU'da<p'dxdt. 
0) JQt JUt 
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By (17.171) and (17.181) . we conclude that 



r \Vu\Pdxdt < C f \DU\Pdxdt < C f ( f \f?dx\ dt, 
Jn.T Jcit Jo \Joj I 

and this is the required assertion. □ 

Proof of Theorem \7J\ Combining the proof of Theorem 17 . 1 1 with / = and Lemma 1731 
the proof is completed. □ 
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